I_l aW KI n ra d I a't I O n stationary observer
J _, s

1 - :
s | X T > S SO
event hOrl ‘O>Tortoise
A "‘\~\\‘: TS \
P s /

Quantum vacuum states

=

‘O> Kruskal

a different vacua
a ‘O>Kruskal =0 +-—p b~ ‘O>Tortoise =0

Perform a Bogolyubov transformation of the creation/annihilation operators
e.g.. b~ =aa + pal
This is a coordinate transformation of the quantum states

1
—— THa/wking — TG M CG
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ADM formulation of GR

Or: how to obtain a Hamiltonian formulation

Or: how to obtain a Hamiltonian-dacobi formulation

tttttttt



Hamiltonian formulation of GR

« Consider Einstein-Hilbert action, coupled to CDM and A

cosmological constant

/

S = /d4q—°2_g [(4)R — 2N — p (" 0,0,x + 1)]
N CDM fluid density
g = det|g,,], x is the 4-velocity potential of the CDM

4-—velocity U* = —g*¥0,x

* have to split space-time to define canonical variables d\CG
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" after Richard Arnowitt, Stanley Deser
A D M S p ‘ It and Charles W. Misner

* Foliate space-time into space-like hyper surfaces >,

' + drt
2! — N'dt
\
ds \-.\ Ndt
'.\\‘
\
\LII
credit:AE|
e metric ds* = 9udgtdg”
Joo — —N? + 'Yz'jNiNj ; Joi = ’Yz'ij ; 9ij = ij
N lapse, IN? shift C G
a7 Portsmouth



ADM split |1

T =

5S_ﬂ i | It

e extrinsic curvature K;; =

2N[

From the action we can calculate the canonical momenta

0S
_—_p\/—\/l—f-’)’” d;X) (8]X)

Ni;j + Nji — Y] K ="K

covariant derivative w.rt. ;;

e Actionisnow &= /d" [cb"
densny

uf’;;j —’H’] with the “Hamiltonian

U = 1%/ 1+7(8:) (D) +

™|
) (3)
| -7

Ui — _271-751( + Wxaix .

48
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ADM Sp‘lt ”l Sz/d4x[¢X%>§_+7rij8;j_Hl

» Varying this “new” action w.rt 7% and 7% gives two evo egn.

OX i ij
(E —N3X> N\/l +79(0ix)(95x) ,

1
_Kij = —q* (2%'/c”}’jz — ’Yz’ﬂkl)

val

_ ‘ aotually vanishes since the lapse and shift
an‘t e aotlon as Lagrange multipliers. Their variation is

U=0, U; =0

using these constraints, and specity the velocity potential X
to define the time hyper surfaces

Ox /0t = 1@ N = 1 N = 0Oland O;x =
“gauge choice” of initial data C G
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ADM split IV

e With these restrictions (valid for “dust”) the metric is

ds? = —dt* + v;(t, q) dg'dq’ .

e Since the Hamiltonian vanishes, we can obtain directly the
Hamilton-Jacobi theory of GR

5:5[%3‘]
0S
- H =0
ot
2 0SS 4S 1 V7 ]
H= | d° Vil — =Y Ye | — — (R — 2A
/ q|:ﬁ57ij 0kl (fywﬂ 2’“7’”) 2 ( )

{CG
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Outline of the Course

I Special Relativity and flat space-time
M Manitolds

[ Curvature & Gravitation

M Schwarzschild solution, black holes
M ADM formalism

] “Weyl" formalism of GR

] Cosmological perturbations: standard, gradient expansion, -

] Eulerian/Lagrangian fluid descriptions in GR d\CG

»Portsmouth



| ast lecture we discusseaq...

(G

. . 1
[ Field equations: R = SR = — T

M ADM split: Foliate space-time into space-like hyper surfaces 2.;

! + dx
.

“3+1 split’ \ Zt+dt

g V' — N'dt

X
ds\ |Ndt

credit:AE|

M Hamiltonian, Hamilton-Jacobi theory of GR for ACDM ¢CG
53
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Kundt & Trumper 1961, Ellis 1971
see also astro-ph/9403016

Alternative formulation of GR

e Standard way: Solve R, - RgW— 87T4G T,. for the metric,

then Weyl tensor is fully determmed'

1
(R,ukgz/ﬁ; + Rz/ﬁ;g,u)\ — R,uﬁ;gz/)\ — Rukg,uﬁ;) + —-R (g,uﬁ;gl/A — g,u)\gz/ff)

1
C/LI/HZ)\ — R/JI/HZ)\ + = 6

2

/: Alternative formulation: Weyl tensor is the fundamental
geometrical quantity. Steps:

1. VO'R/,LVK,)\ + V,uRuaK)\ +V Ra,un)\ =0 ‘ ' gKIG
2. Use in 1.

3. Then convert the Riccis, R, = 871G (T}, — TgW i
Portsmouth
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Capfys = V —YCapys

1 -+ 3 S p ‘ | t Guvrs = GurGus — JusGur

* Yields field equations for the Weyl tensor:

1

* Note that Weyl tensor is fully described by

electric part magneticlpart
E.(u) = v u*Cpuuy , Hu(u) = 5 TRTI Caﬁ

C/.Lms:)\ — (guua,ﬁ Grdvé — €uvap Exvyé ) uu'E Ao (U) + (euuaﬁ Gr\vé T Guvap €Exvé ) u“u'H po (’U,)

— —

— ,~ FuII Covar|ant I\/Iaxwellhke f|eld equatlons

e e e e — — — — .

[ agrangian trajectory of a fluid element

7 ; oxH i,T
XN — 2t =3k, 7)), u= 5(93 )




