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LECTURE*1:*
*

DENSITY*WAVES,*
METRIC*PERTURBATIONS*

AND*
GAUGE*TRANSFORMATIONS*
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•  Unique*!me$slicing+(folia1on)*of*4D*space1me*into* * *
*homogeneous*3D*space,*with*homogeneous*ma\er*density,*ρ(t) 

•  Comoving*world*lines*define*natural*choice*of*threading*(spa1al*
coordinates)*
*****
*

Homogeneous FRW 
background 

a(t) % %scale factor 

ds2 = a2 (t) dx2

4*David*Wands*



cosmic fluid equations: 
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cosmic sound waves: 

Characteristic timescales for  wavelength λ 

– oscillation period/wavelength   λ / cs 
– Hubble damping time-scale  H -1 

•  small-scales  λ < cs H -1  under-damped oscillator 

•  large-scales λ > cs H -1 over-damped (�frozen-
in�) 
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s=+wave equation in an 
expanding spacetime: 



it isn�t always quite that simple... 

in general relativity should consider both 
•  effect of curved spacetime on matter 
•  effect of matter on curved spacetime 

...leads to non-linear coupled equations 
 

but often the simple picture works for 
linearised perturbations 

 
 



•  No*unique*!me$slicing+(folia1on)*of*4D*space1me*3D*space*
*inhomogeneous*ma\er*density,*ρ(t,x) 

*
*
*
•  Comoving*world*lines*may*define*one*choice*of*threading**

*but*not*unique*
*

*free*to*choose*of*coordinates*(gauge+problem)+
+$+not+a+bug,+but+a+feature+of+general+rela!vity!+

*****
*

Inhomogeneous perturbations 
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Inhomogeneous*perturba1ons**
on*homogeneous*background*

Homogeneous*model: *ϕ*=*ϕ0(t)*
*
Inhomogeneous*model: *ϕ*=*ϕ(t,x)*

* * *****=*ϕ0(t)*+*Δϕ(t,x)*
* * *****=*ϕ0(t)*+*ε*δ1ϕ(t,x)*+*(1/2)*ε2*δ2ϕ(t,x)*+*…*

*
typically*for*linear*perturba1ons*only*I*will*write

* * * * * * *ϕ*=*ϕ0(t)*+*
δϕ(t,x)*+*…*
*
But*in*an*inhomogeneous*space1me**
• *no*obvious,*preferred*1me*slicing*

*T*=*t*+*δt(t,x)*+*…*
• *no*obvious,*preferred*spa1al*threading*

*X*=*x*+*δx(t,x)*+*…*
T*and*t,*or*X*and*x,*only*need*to*agree*at*zeroth*order*(same*background)*
*
This*arbitrariness*in*the*choice*of*coodinates*is*the*gauge+problem+ 9*David*Wands*
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FRW*metric*
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Background*line*element:*
* *ds2*=*a2*(η)*[*Idη2*+*γij*dxi*dxj*]*

*
where**
• *η*is*conformal*1me*coordinate**
• *γij**is*spa1al*metric*on*maximally*symmetric*3Ispace,*curvature*K*



Metric*perturba1ons*
using*nota1on*of*Mukhanov,*Feldman*and*Brandenberger*

(1992)*
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Linear*perturba1on:*
*
schema1cally:*
*
*
*
*
hence*the*perturbed*line*element*is*
*
*
**

4*scalars:* * * *φ,*B,*ψ,*E*
2*transverse*vectors: * *Si,*Fi*
1*transverse,*tracefree*tensor:* *hij*



Coordinate*transforma1on:*
*
*
where*infinitesimal*
*
*
*
implies*transformed*coordinate*infinitesimals:*
*
*
*
which,*along*with*
subs1tuted*in*the*line*element,*gives:*
*
*
*
*

Gauge*transforma1on*of*metric*
perturba1ons*
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Gauge*transforma1on*rules*for*metric*
perturba1ons*
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Can*be*wri\en*in*same*form*as*the*original*perturbed*line*element,*but*in*terms*of*
the*new*coordinates:*
*
*
*
where*
• *scalars:*

• Vectors:*

• Tensors:* *****hij = hij  



FirstIorder*field*equa1ons*
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Einstein*equa1ons:*
Two*constraint*equa1ons:*

* * * * * * *(energy*density)*
* * * * * * *(momentum)*

*
Two*evolu1on*equa1ons:*

* * * * * * *(curvature)*
* * * **
* * * * * * *(shear)*

*
EnergyImomentum*conserva1on:*

* * * * * * *(energy*density)*
*
*
*

* * * * * * *(momentum)*


