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Some Initial Results

Friday, 16 February 18



Results from the 
Equivalence Principle

various results can be derived directly from the E.P., with no 
need of E.E. (and were actually derived by Einstein before 
arriving at the field equations)

These results therefore are valid in any metric theory of 
gravity that satisfies the E.P. 

because of the E.P. at every point Xμ we can find locally 
inertial coordinates ξμ if we know gμν and Γαβγ at Xμ 

Lorentz invariance: there is an infinity of LIFs at every at Xμ
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Newtonian limit
assuming small velocities and a weak stationary 
gravitational field we expect to recover Newton eq. 
of motion for a massive particle

in Cartesian coords.

with                        

in the geodesic eq. we get

contrast this with Newtonian eq.               wit

thus                              and                                           
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Time Dilation and 
Gravitational redshift
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Time Dilation and 
Gravitational redshift
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Time Dilation and 
Gravitational redshift
either directly from E.P. for a uniform 
gravitational fields, or in the weak field limit, 
one finds

comparing clocks at different locations one 
gets 

and

these tiny time differences are crucial for 
the accuracy of GPS and satellite navigators
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Solving Einstein Equations
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Newtonian limit
using the Newtonian limit result                      
in E.E. gives

 assuming ρ=Ttt is the only relevant component 
gives

comparing with the Poisson equation

we obtain the coupling constant 
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Symmetries
one cannot overstate the importance of symmetries in 
physics

symmetries are also extremely useful in G.R., both to 
emphasise physical results and to solve E.E.

in some cases, symmetries can be imposed on the spacetime 
metric in a obvious manner, e.g. spherical symmetry

in general, symmetries can be covariantly expressed by an 
invariance principle on the metric, which must be left 
unchanged (“Lie constant”) by the “Lie Derivative” along the 
vector field V generating the symmetry

these are the Killing equations for the Killing vector V

£V g↵� = 0

r↵V� +r�V↵ = 0
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in general a vector Vα can be seen as generating an 
infinitesimal “displacement transformation”                
xα’ =xα+εVα , with ε<<0

If the metric is constant under this displacement, then 
g’αβ(x’)=gαβ(x’), 

the transformation above is an “isometry” and Vα is a 
Killing vector
Lorentz transformations are an example for Minkowski
there are at most D(D+1)/2 Killing vectors (and 
symmetries) in a space with D dimensions 

Symmetries
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why Black Holes are 
black: heuristic result

in Newtonian gravity, use conservation of energy in 
spherical gravitational field to find the escape velocity to 
infinity from a planet of mass M and radius R

Setting E=v∞=0 gives the escape velocity

Asking what R the planet must have to have v=c gives 
the correct “Schwarschild radius”

Since we know from Special Relativity that nothing can 
travel faster than light, nothing can escape from M

E =
1

2
mv2 � GmM

R2
=

1

2
mv21

v =

r
2GM

R

Rs =
2GM

c2
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Spherical Symmetry

S.S. of a physical system implies rotational invariance, 
in which case spherical coordinates are useful: any 
physical quantity can only depend on t and r.

Minkowski in spherical coordinates is

we look for S.S. solutions of E.E.: it can be shown 
that the metric in S.S. can be written as
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S.S.: Newtonian 
gravitational field in vacuum  

the gravitational potential in vacuum, outside a mass 
M, is the solution of the Laplace equation, i.e. 
setting ρ=0 in the Poisson eq. 

Assuming S.S., one obtains Φ∝-1/r +C

integration constant C=0 by setting Φ=0 at infinity

Matching at the surface of M gives Φ=-GM/r
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Einstein equations
 for S.S. in vacuum

E.E. in vacuum: Rαβ=0; plugging in the S.S. metric gives
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Schwarschild solution
from the last equation, setting Rtr=0 gives

combining Rtt and Rrr and setting to zero gives

eliminating A from Rθθ=0 and integrating in r one 
gets

some extra simple calculations then show that A=1/B
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Birkov theorem

We started assuming A=A(t,r) and B=B(t,r) and 
we end up with A=1/B=A(r)

In analogy with Newton theorem for a 
spherical field, the field outside a spherical 
object is time-independent, even if the mass 
distribution is time-dependent

e.g. the field is the same outside a spherical 
star, and time-independent, even if the star 
is radially pulsating
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putting everything together, we have the metric 

at large distances, we should recover the 
Newtonian gravitational field
this gives C=-2GM (C=-2GM/c2) and the 
Schwarschild solution

M is the gravitational mass, different from the 
total rest-mass energy

Schwarschild solution

Friday, 16 February 18



meaning of 
the radial 

coordinate r

on a curved space like S2 
the distance from the 
centre is different from 
the ratio of the 
circumference C and 2π
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meaning of the radial 
coordinate r

at any given time (dt=0) setting r=constant on the 
equatorial plane θ=π/2 gives

integrating we obtain

so r is the “circumferential radial coordinate”

on the other hand, the radial distance is given by
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meaning of the time 
coordinate

using the metric we can relate the proper time 
of a clock at rest at a given r and the 
coordinate time

thus the coordinate time is the time measured 
by a clock at infinity
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gravitational 
redshift

consider a light 
signal sent from rE 
and rR

in our units L=T and 
so wavelength λ=Δτ
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gravitational redshift
time-independent of the metric implies that Δt is 
the same at emission and reception (shape of curves 
for the light paths is the same)

if the gravitational field is weak we recover previous 
result
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Schwarschild radius
looking at the metric

it is clear that when r-> Rs=2GM something special 
happens

the metric has a “coordinate singularity”, time and space 
swap! (these coordinates are only good for r>Rs)

proper time flows slower and slower with respect to t, 
and redshift tends to infinity
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particle orbits: 
conserved quantities

we start from the geodesic equation

the S. metric is diagonal and time-independent, for 
the t component we obtain

e is interpreted as the energy per unit mass at ∞, 
where e=1 (only mass-energy is left)
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particle orbits: 
conserved quantities

the S. metric is diagonal and φ independent; for the 
φ component we obtain  

l is interpreted as the angular momentum per unit 
mass
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radial equation of motion
using                   one obtains the equation for the 
radial motion in an effective radial potential

contrast this with the Newtonian equation of motion

the l2/r3 term dominates at short distance and is the 
relativistic new term

g↵�u
↵u� = �1
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bound orbits: r1<r<r2

E<0

circles or ellipses in Newtonian case
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unbound orbits, r>rm

E>0

hyperbolas in Newtonian case
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bound orbits

E<0

circular orbits at minimum of potential
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unbound orbits

E>0
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spiral orbits

E>0

if “energy” higher than maximum

unstable circular orbits if ` >
p
12GM
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Astrophysical implications
results on stable and unstable orbits are relevant, for 
instance, in “accretion disks” around neutron stars and 
black holes

one can show that for r<6GM there are no stable 
circular orbits

RISCO = 6GM is the Innermost Stable Circular Orbit

hence compact objects with radius smaller than RISCO  

can accrete material from the inner radius of the disk 
surrounding them
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precession of perihelion

Friday, 16 February 18



Shape of orbits
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Shape of orbits
symmetry allows us to choose θ=π/2
circular orbits r=rc=constant, in general r=r(φ)
we want an equation for r=r(φ)
we have an equation for the conservation of l and one 
for the conservation of E

use                       to obtain ODE for r=r(φ)
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Shape of orbits
symmetry allows us to choose θ=π/2
circular orbits r=rc=constant, in general r=r(φ)
we want an equation for r=r(φ)
we have an equation for the conservation of l and one 
for the conservation of E

use                       to obtain ODE for r=r(φ)

relativistic term
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non-linear ODE, becomes quasi-linear by r=1/u

homogeneous linear part: harmonic oscillator (in 
φ), with solution uh=Acos(φ+ φo)

particular solution up of the Newtonian linear 
part gives the circular orbit rc=l2/GM

Newtonian general solution u=uh+up is an ellipse 
with r(φ)=rc/[1+ecos(φ+ φo)]  (e=ellipticity)

Shape of orbits

relativistic term

Friday, 16 February 18



elliptical orbits
 r(φ)=rc/[1+ecos(φ+ φo)] 
rc=10, e=0.1 (left) and e=0.5 (right)
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circular relativistic orbits
for the circular orbits from the full eq. we obtain

with solutions

now assume a small perturbation, adding a “wobble”:

this gives the nonlinear ODE for the wobble w(φ)
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precession of periastron
assuming that the wobble is small, w(φ)≪1, we get 
the harmonic oscillator eq (in φ ) for w

with solution

successive periastron are separated by 2π, giving Δφ

assuming GM/rc≪1
 For Mercury the advance is 43” per century
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rc=10, ω=0.9, A=0.5 (left) and A=0.1 (right)

precession of periastron
r(φ)=rc/[1+Acos(ωφ)]
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