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JLKNM�OQPSRUT�VWO�TXVYOQZUP\[L]_^;M�`a];O?bdc;ZeP;fagahjilknm�oLprqFh/VWReOrP\^;M�ZUMsh�VYg 9st;uwv `dx�y*M�gNzQVW];R{];gah

|}VY~YRUP;g4qFVWR{�eKNP;fNcSKw���UP1`-M�ZeMQ~YVYO��NKNP��eP;g�Z?];h/VW]\�eV�PSg�~YMr�3��P\^;M�Z��IZUPST�[�KNM�g��UKNM�fNgNVY^;M�ZeRUM
[L];R{VYg��eKNMQZeT�]�~nM��wfNVY~�VY`NZeV�fNT�]�g6h�VYR�P;gaM�P����eKNM�TXPSR���OQP;gd^dV�gaOQV�gac1�NVYM�OrMsR�P;�=MQ^dVYhNMQgaOQM
�eKa]\���eKNM�fNgNVY^;M�ZeRUM�Mr�/�-MQZeV�M�gaOrMsh ]XKaP���`NVYc�`a];gNc : |}V��eK1]X�NZUMsR�M�gw���UMQTX�-MQZ?]\�efNZUM�P;��� :����
�Xq/V��eR=�IZUMs�SfaMQgaOQx�R��-M�Or�UZefNT�VYR=OQP;gaRUVWR��eMQgw��[�V��eK1]X`N~Y]SO?b�`-PdhNx�RU�6MsO��UZefNT��UP v;� �6]�ZU�eRLVYg
]�TXVY~�~YV�PSg :�� faO?K�]{RU�6MsO��eZUfNT�VWR�Ka];Zeh��UP��NZUP/h/f6OrM�fNgN~YM�ReR�]���P;gNM��6PSV�gw���eKNM=�NKNP;�UPSgaR�[nMQZeM
VYg��eKNMQZeT�]�~�Ms�wfNV�~YVY`NZUVYfNT�]SRL�NZeM�h/VWO��eM�h `dx��UKNM{`aV�cX`a];gNc��UKNM�P;Zex :
|}Ka]���TX];b;MsR=�eKNM�knm1o�RUfaO?K�] faRUMr�Ifa~�OrPSRUTXP;~YP;cSVYO�]�~F�UPdP;~�VWR �UKNM��¡]SO����UKa]���q4�IP;Z �UKNM

TXPSR����6]�ZU��q*V��XKa]SR�gNP;��VYgS�eMQZ?];Or�UM�h¢R�VYgaOrM��UKNM�fNgNVY^;M�ZeRUM�[L];R�^SMQZex�xSP;fNgac¤£¥PSgN~�x�]��IM�[
KdfNgahNZUMsh �UKNPSfaRU];gah�x;Ms]�Z?R,P;~Wh : JLKNM��NKaP��UPSgaR4hNM�OrPSfN�N~YM�h��IZeP;T¦�UKaM�MQ~YM�Or�UZeP;gaRF]�gah�`6]�Zex;P;g6R
[�KNM�g��eKNM�fNgNVY^;MQZ?RUM§OrPdPS~�Msh�RUf/¨�OrVYMQgw�U~YxX�UP�]�~Y~YP\[©�UKNM �IP;ZeT�]\�eV�PSg�P��8Kwx/h/ZeP;cSMQg�qd]��NZUP/OQM�ReR
bdgNP\[�g¤];R�ª ZeM�OrPST�`NVYga]��UVYP;g :Y«�¬ M�OQP;T�`NV�g6]\�UVYP;g P/OQOQfNZUZeM�h ]\��];�N�NZeP_�/V�T�]\�eMQ~Yx�]XZUMshNRUKNV��3�§P��
zrec ∼ 1100,

]���]��UMQTX�-MQZ?]\�efNZUM{P;�
Trec ∼ 0.3eV. ­ �=�eKNVWR=M�];ZU~Yx��eV�TXM;qa�UKNM�®afaO��efa]\�eV�PSgaR[�KNVWO?KX[¯PSfN~Wh�M�^;MQgw�efa]�~Y~�x�c;ZeP\[¢VYgS�eP{cS];~Y]��dVYM�R*];gah��UKNM�~W]�Zec;M�ReOQ]�~YM�R��eZUf6O��UfaZUMsR�[¯MLPS`aR�M�ZU^SM

�ePdha]_x�[¯M�ZUMnT�f6O?KXRUT�]�~Y~�M�Z�]�gah�[nMQZeM¯�eP�] c;PdP/h�];�N�NZeP_�dVYT�]\�eV�PSg�MQ^SP;~Y^dV�gNc ~YV�gNMs]�Ze~�x : JLKdfaR
�eKNMnknm1o��NZeP\^wVWh/MsR�]=RUga]��aRUKNP;��P��d�UKNM¯M�];ZU~Yx�fNgaV�^SMQZ?R�M�[�KNM�g��UKNM��NKdxdRUVWOQR�[L];R�T�faO?K{Ms];RUV�M�Z
�eP�fagah/MQZ?R��e]�g6h��eKa]�g¤V��=VYRL�NZeM�RUMQgw�e~�x :
JLKNM��UM�TX�6M�Ze]��UfNZeMXP����eKNM�knm1o°�NKaP��UPSgaR P;g��UKNM�RUbdx�VYR�ZeMQT�]�Zeb\]�`N~Yx�fNgNV��IP;ZeT : JLKNM

~W]�Zec;MsR���]�gaVYRUP��eZUPS�wx�VYR��UKNM�hNV��-P;~YM��NZeP/h/faOrMsh�`dx�P;faZ�TXP��UVYP;g�[�V��UK�ZeM�RU�-M�O����UP��eKNM�ZeM�R��
�IZ?]�TXM�P��L�eKNM�`a]SO?bwcSZUPSfNgah,q

∆T = 3.372 ± 0.007mK
OrPSZUZeM�RU�-P;gah/VYgNc¤[�V��UKj]¤^;M�~�P/OQV���x

P;�
v = ∆T

T0

c = 360
bwT�±�R : onMQxSP;gah��UKNVWRQq��UKNM��UM�TX�6M�Ze]��UfNZeM�VWR�fNgNV��IP;ZeT��UP¥P;gNM �a];Z��

VYg 9s�;� q �;�S�N:{² PSZ§gaM�]�Ze~Yx¤�UKNZeMQMXh/M�O�];h/MsRQq,RUM�];ZeO?KNMsR=�IPSZ��eMQTX�-MQZ?]\�UfaZUMX]�gNVWRUP��UZeP;�aV�MsR§OQP;fN~Wh
PSgN~�x��N~Y]SOrM�fN�a�6M�Z�`6PSfNgahNR�P;g¥�UKNMX®6faO��efa]\�eV�PSgaR : JLKNVYR�O?Ka]�gNcSM�h¥h/Z?]�T�]\�eVYO�]�~Y~�x�VYg 9�t;tS�
[�KNM�g©�UKNM�k�³ o¯´¶µ m ¬ VYgaR��UZefNTXMQgw��h/VWRUOQP\^;M�ZUMshj�eMQTX�6M�Ze]��UfNZeM¤®afaOr�Ufa]��UVYP;gaR�P��{P;Z?h/M�Z
30µK

PSg�ReOQ]�~YM�R P;�
7◦
];gah�~Y];ZUcSMQZ :�� V�g6OrM��UKNM�g�q��eMQTX�-MQZ?]\�UfaZUM�®afaOr�Ufa]��UVYP;gaR�Ka]_^SM�`-MQM�g

RUMQM�g�]���R�T�];~�~YMQZ�];gNc;fa~Y];Z�ReOQ];~�MsR{`dx�VYgaR��UZefNTXMQgw�eR{`6];RUM�h¥P;g¥�UKaM�c;ZeP;fNg6h�];gah�TXP;fNgw�UMsh
PSg1`a]�~Y~YPwPSgaR : JLKNVWR�K6];R§`6M�MQg�O�]��N�-M�h�^;MQZex¤h/Ze];T�]\�UVWOQ];~�~Yx `wx �eKNM�ZeM�OQMQgw���IfN~Y~�R�bdx�knm1o
T�]��6R��NZeP/h/faOrMsh�`dx¥· ­ � ­ « R�|}V�~YbdV�g6R�PSg¢m�VWOrZeP\[n]_^SM ­ gNVYRUP��eZUPS�dx�y�ZeP;`-M�i¡|¸m ­ y¯p�VYg² MQ`NZefa]�Zex�� �S�;�a:
9S:�9S:�¹�ºF»N¼C½s¾¡¿lÀ�¾¡¼8ÁÂ½sÃFÄ 
���! ½sÄdÅ�Æ�ÄwÇ\»/½�ºFÇ\Ä�Åj»/Æ*È;É�Ê g¦PSZeh/M�Z��ePËOQP;TX�a];ZUM�[�V��eK
�eKNMQPSZUVYM�R�q4V���VWR�gNMsOrM�ReRe]�Zex��UP��wfa];gw�UV��Ix��eKNM knm1oÌT�]��aR : JLKaVYR�OQ]�g�`-M�h/PSgNM�MQV��UKaMQZ�`dx
cSV�^dVYgNc�]�R�bdxj�eMQTX�-MQZ?]\�UfaZUM¤T�]���qLPSZ�M��wfNVY^\]�~YMQgw�U~Yx¢`dxÍ] ² P;fNZeV�M�Z�~YV�bSM�Mr�/�a]�g6R�VYP;gËV�gw�eP
PSZ��eKNP;cSP;ga];~S�IfagaO��eV�PSgaR : JLKNM��eMQTX�-MQZ?]\�UfaZUML®af6O��Uf6]\�UVYP;g6R�P;g��UKaM�R��aKNMQZeM=OQ];g�`-M=MQ�d�6]�gah/Msh
VYg��eMQZeT�R�P��F�UKNM�RU�NKNM�ZUVWOQ];~,Ka]�ZeTXP;gNVWO=�IfagaO��eV�PSgaRQÎ
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á âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é

δT (Ω)

T
=

∑

`,m

a`mY`m(Ω).

y�ZeP;�-MQZU�UVYM�R�P;�¯�eKNM�RU�NKNMQZeVWOQ]�~�K6]�ZeT�PSgNVWO��IfagaO��eV�PSgaR�]�ZeMXc;VY^;M�g�VYg ­ �N�-MQgahNV�� ­ : JLKaM�P;ZUë�eKNP;cSP;ga];~�V���x�P��F�UKNM�RU�NKNM�ZUVWOQ];~,Ka]�ZeTXP;gNVWO=�IfagaO��eV�PSgaR�~YM�];haRn�UP��UKNM{VYgd^;M�ZeRUM��eZe];gaR��IP;ZeT q

a`m =

∫
δT (n)

T
Y ∗

`m(n)dΩn.
JLKNM

`
^\]�~YfNM�OrPSZUZeM�RU�-P;gahNRnZeP;fNcSKN~Yx�[�V��eK �UKNM�];gNc;fa~Y];Z=R�VYzQM�P��8�UKaM{�UM�T��-MQZ?]\�efNZeM�®afaO��efa]\ë

�eV�PSgaRQq
∆θ ∼ π/`. ² P;Z�Ms];O?K `, �UKNM�ZUM�];ZUM 2`+ 1

^\]�~YfNM�RLP;�
m = −`,−`+ 1, . . . `.JLKNM�RUV�TX�N~YM�R���R��?]\�UVWR��UVWO�[nM�O�]�g¥OrP;g6R�VWh/MQZ�VWR§�UKNM���[nP�ëì�6PSV�gw�{OrP;ZeZeMQ~W]\�UVYP;g¤�IfagaO��eV�PSg�q�P;Z

V��eR ² P;fNZeV�M�Z{]�ga];~�PScaqC�UKaM��eMQTX�-MQZ?]\�UfaZUMX�-P\[¯M�Z�RU�-M�O��eZUfaT : JLKNMX�-P\[¯M�Z{R��-M�Or�UZefNTíP��¯�UKNM
®af6O��Uf6]\�UVYP;g6R�VYR§h/Mrî6gNM�h�]SRL�UKNM�Mr�/�-M�O��?]\�eV�PSg P;�*�UKNM�T�fN~��UVY�6PS~�M�T�PSTXMQgw�eR�Î 〈a`ma

∗
`′m′〉 =

C`δ``′δmm′ ,
[�KNVWO?K¤�IP;~Y~�P\[=R=RUVYT��a~�x��IZUPST�ZeP��?]\�UVYP;g¤VYgd^_];ZUVW]�g6OrM : JLKNM{��[nP��6PSV�gw�§OQP;ZeZUM�~Y]�ë

�eV�PSg��IfNg6O��UVYP;g¤VYg¤ZUMs]�~�RU�a];OQM VWR�h/MQîagNM�h¤]SR

C(θ) ≡
〈
δT (n)

T

δT (n′)

T

〉
=

∑

`,m

C`Y`m(n)Y ∗

`m(n′) =
1

4π

∑

`

(2`+ 1)C`P`(cos θ),

[�KNM�ZUM
θ
VYRn�eKNM{]�gNcS~�M�`-Mr��[nMQM�g

n
]�g6h

n′
: JLKNM{^\]�ZeVY];gaOrM VYRLcSV�^SMQg�`wx��UKNM�OQP;ZeZUM�~Y]��UVYP;g�]��

z�MQZeP�RUMQ�a];Ze]��UVYP;g�q
C(0) = 1

4π

∑
`(2`+ 1)C`.Ê ���eKNM�®afaOr�Ufa]��UVYP;gaR�]�ZeM�ï�]�faReR�VW]�ga~�x�h/VWR��eZUVY`Nf/�eM�h,q��UKNMX�-P\[¯M�Z RU�6MsO��eZUfNTíOQP;gw�e];V�g6R ];~�~

�eKNM�VYg/�IP;ZeT�]\�eV�PSg��UKa]����eKNM�T�];�¢OrPSgS�?]�VYgaR : ­ ~Y~LKNV�cSKNMQZ�TXP;TXMQgw�?R�]�ZeM�M�V��eKNMQZ�zQM�ZUPÍi3�IP;Z];g P/hNh¤gdfNT�`6M�Z?p�P;Z�];ZUM�RUV�TX�N~Yx ZUM�~Y]��UM�h��eP��UKNM��6P\[nMQZ�RU�-M�O��eZUfaT :=� �efah/VYM�R�P��*�UKNM�gNP;g/ë
ï�];faRURUVW]�g��NZUPS�6M�Z��eV�MsR�P��C�eKNM knm1oÍR�bdx�P��3�UM�gX�IP/OrfaR�PSgX�UKNM�~�P\[nM�R���P;Z?h/MQZ�TXPST�M�gw�eR�qSRUfaO?K
]SR��UKNM¤�eKNZUM�M¤P;ZX�IP;faZ��6PSV�gw��OQP;ZeZUM�~Y]��UVYP;g��IfNg6O��UVYP;g6R�P;ZX�eKNMQVYZ ² PSfNZeV�M�Z�]�ga];~�PScSR�q�bdgNP\[�g
]SRX�UKNMËðrñWòlóaôeõQöl÷�ø/ùúPSZ1öØ÷�ñWòlóaô?õröl÷�ø/ùûZeM�RU�6MsO��eV�^SMQ~Yx :¦ü P\[¯M�^;M�Z�q¯�UKNM�ZUM1];ZUM1];g}fNgN~YV�TXV��UMsh
gdfNT�`6M�ZeR�P;�,[n]_x/R*�eKa]\��gaP;g/ë�ï�]�faReRUVY];gNV���x�T�]_x�]��a�6Ms]�Z : |}KNVY~YM�TXPSR���R��efah/VYM�RnR�P��¡];Z�Ka]_^SM
OQP;gaOQ~�fahNM�h¢�UKa]����UKNM�PS`aR�M�ZU^\]��UVYP;gaRX]�ZeM¤OrP;g6R�VWR��eMQgw��[�V��eK¸ï�]�faReR�VW]�gaV���xSq��UKaMQZeM1OrP;fa~YhÍ`6M
P;�UKNM�Z�bwVYgahNRLP;�8gaP;g/ë�ï�]�faReRUVY];gNV���xX[�KNVWO?K¤Ka]_^;M gNP;�=x;Mr��`-MQM�g��eM�R��UMsh :

� :=ý�þNAS@,E�A,ÿ��w@,HIBF>��
JLKNZeP;fNcSKNP;fN��[nMX[�V�~Y~�`-M�];ReR�faT�VYgNc��UKa]��{�UKNM�TXMQ�UZeVYO�®af6O��Uf6]\�UVYP;g6R{]�ZeM�VYg¥�UKNM�~YV�gaM�]�Z

ZeMQcSV�TXM;qs]�gah �eKa]\�F[¯M�O�]�g{VYc;gNPSZUM*KNVYc;KNM�Z�P;Z?h/M�Z�V�gw�eMQZ?];O��eV�PSgaR : JLKNVYRFR�VYTX�N~YV�îaMsR,�eKNM�]�g6]�~YxdRUVWR
OQP;gaRUVYhNMQZ?]�`N~Yx;q*]�gahjV�gj�6]�ZU�UVWOrfN~W]�Z�T�Ms]�gaR��UK6]\��[�KaMQg¢MQ�/�a]�gahNM�h�VYg ² PSfNZeV�M�Z�RU�a];OQM;q8�UKNM
^\]�ZeVYP;faR�TXP/h/MsR¯h/P�gNP��LOrP;fa�N~�M��UP�M�];O?K�P;�UKNM�Z : JLKNM§Ka]�ZeTXP;gNVWOL�IfNgaOr�UVYP;gaR��IP;Z��UKNM ² PSfNZeV�M�Z
RUMQZeV�MsR§];ZUM�R�PS~�f/�eV�PSgaR§�UP��UKNM ü M�~�TXKNPS~��ez�Ms�wfa]\�eV�PSg : |�M�[�VY~�~8�IP/OrfaR PSg1®6]���OQPSRUT�PS~�PSc;VYM�R�q
[�KNM�ZUM �eKNM{Ka]�ZeTXP;gNVWO§�IfNgaOr�UVYP;gaR=];ZUM{RUV�TX�N~Yx

eik·x.
Ê �F�eKNM�fNgaV�^SMQZ?R�M VYR=gNP���RU�a]\�eVY];~�~Yx�®6]���q

�eKNM{Ka]�ZeTXP;gNVWO��IfNgaO��eV�PSgaR�`-M�OQP;TXM�T�PSZUM{OQP;TX�N~YMr� :
� :�9S: � À�¼��_ÃFÇ��6¼��6º8È�Á-»Nº8Á6Ä-É JLKNZUPSfNc;KaP;f/�*�UKaVYR¯h/VYReOrf6RURUV�PSg�q;[nM�[�VY~�~N`-M=[nP;ZebdV�gNc�VYg�R�xdg/ë
O?KNZeP;gaP;faRFcS];fNc;M¯[�V��eK�]�i3ë
	�	�	�p4RUVYc;ga]��UfNZeM;q_�eKNP;fNcSK�P/OQO�];RUV�PSga]�~Y~Yx [nMn[�V�~Y~Nh/VWRUOQfaRUR8�eZe];gaR�ë
�IPSZUTXVYgNc�V�gw�eP�·=M�[L�UP;gaVY];g�cS]�fac;M��UP�TX];b;M�OQP;gw�e]SO��=[�V��UK�RUP;TXM�P;�UKNM�Z��UZeM�]��UTXMQgw�?R :�� xdg/ë
O?KNZeP;gaP;faRFcS];fNc;MnVYR*cSMQgNM�Ze];~�~Yx �UKNM�cw]�fNcSM�P;�-O?KNPSVYOQM¯�IPSZ�knm1ojOrP/h/MsR�h/fNMn�UP �eKNM�R�VYTX�N~�VWOrV���x
P;�-�eKNM=�eV�TXM�OQPdP;Z?h/V�g6]\�UMsR :*ü P\[nMQ^SMQZsq�V���VYR¯gNP;�¯]��IfN~Y~�x�îN�/MshXcS]�fac;M=]�g6h��UKNM�ZUM=MQ�/VYR���ZeM�RUVYhdë
fa];~�h/MQcSZUM�M�RnP��8�IZeMQM�hNP;T¤q/bdgNP\[�g ]SRLcS];fNc;M TXPdhNM�R�q/[�KNVYO?K¤Ka]_^SM��ePX`6M�OQP;gaRUVYhNMQZeM�h :
JLKNM{MQ�/]SO��L�IP;ZeT¶P;�F�eKNM{TXMr�UZeVWO§[nM�[�V�~Y~�`-M�OrPSgaR�VWh/M�ZUVYgNc�VYR

ds2 = a2(τ)(−dτ2 + (δij + hij)dx
idxj).



é,ã,æ6å
�{ã,é�æ��Cå1çaã����LèWç��LèWçaâaã������,å¤ä
�6ç����,âaã��CéCê �
µ§MQZeV�^\]��UVY^;M�R�[�V��eK�ZeM�RU�6MsO��¯�UPXOrP;TXP\^dVYgNc{�UVYTXM§[�VY~Y~6`-M hNMQgNP;�UM�h�`dxXhNP��eR : |�M [�VY~�~,h/M�gNP��eM
RUfNT�R{i � q 9 q �Nq � p�[�V��UK1ï ZeMQMQb�V�gahNVYOQM�R=];gah�RUfNT�R�i 9 q��/q � p¯[�V��eK��4]\�eV�g VYgah/VWOrM�R :
Ê g ² P;fNZeVYMQZFRU�a]SOrM;qs�eKNM��eMQgaRUP;Z*OQ];g�`-M¯`NZeP;bSMQg{fN��V�gw�eP§ReOQ]�~W]�Zsqs^;M�Or�UPSZF]�g6h��UM�gaR�PSZF�aV�MsOrM�R

iØR�M�MnK6]�gah/PSf/�n±§]��N�-MQg6h/V��Xo�p : m�PwR���P;�3�UMQgX[nM�[�V�~Y~� �faR���`-M=OrP;g6R�VWh/MQZeVYgNc��eKNM=ReOQ]�~W]�Z��aV�MsOrM;q
[�KNVWO?K¤OQ]�g `-M{[�ZUV����eMQg�];R

hij =
V

(2π)3

∫
d3keik·x

[
1

3
hδij +

(
k̂ik̂j −

1

3
δij

)
hS

]
.

ü MQZeM;q
h
VWR8�UKNML�eZe]SOrMLP��

hij
q
hS
VWR8�UKNML�eZe]SOrM�~�MsRUR*ReOQ]�~W]�Z8�NVYM�OQM=]�gah

h− = h−hS
TXM�]SR�faZUMsR

�eKNM�]�gNVWRUP��UZeP;�aVYO§R��eZUMsRUR :
� : � : � ¾¡¼8ÈQ½sÄd¾¡¼ËÄ"!,º8»/½s¾#�-¼FÈSÉ JLKNM�´�VYgaR��UM�V�g¤M��wfa]��UVYP;gaR¯�IPSZ¯�eKNM{RUO�]�~W]�ZnTXMr�UZeVWO hNMQc;ZeMQMsRnP��
�IZeMQMsh/P;T�O�]�g `6M{[�ZeV����UM�g�]�gdfNT�`6M�Z�P��*[n]_x/R :8ü MQZeM�[¯M�[�VY~�~�f6R�M �UKaM���[¯PXM��wfa]��UVYP;gaR�Î

ḧ+
ȧ

a
ḣ+ 8πGa2

∑

N

(δρN + 3δpN) = 0

];gah
2

3
ikḣ− − 16πGa2

∑

N

(ρN + pN )vN = 0.

ü MQZeM{�UKNM�R�fNT VWR=P\^SMQZ�];~�~4�UKNM�^_];ZUVYP;f6R��a]�ZU�UVWOr~YM�RU�6MsOrVYM�R :�� VYgaOrM�[nM�];ZUM{�IP/OQfaR�VYgNc�PSg¤�UKNM
ReOQ];~Y];Z¯�-MQZU�UfNZe`a]��UVYP;gaR�qd�UKNM{^SMQ~YP/OrV��UVYM�R�OQ];g�`-M{[�ZeV��U�UMQg�]SR

v = vk̂.

�N:=ý�þaA�$wþ6Ga@&%('wE�H3D��
|¥M gaMr�d�ngaMQM�h��UP�fNgah/M�ZeR��e];gah�KNP\[¸�UKNM§®afaOr�Ufa]��UVYP;gaRnVYg��UKaM§^\]�ZeVYP;faR���xd�6MsR¯P;�4T�]\�U�UMQZ

M�^;P;~Y^;M : JLKNVWR¯[�V�~Y~-];~�~YP\[©faR��UP��IPS~�~YP\[Ë�UKNM�V�ZnMQ^SP;~Yf/�UVYP;gX�IZeP;T	[�KNM�g��UKaM�®af6O��Uf6]\�UVYP;g6R�[nMQZeM
�NZeP/h/faOQM�h�V�g �UKaM{M�]�Ze~Yx�fNgNVY^;MQZ?RUM fagS�eV�~C�eKNM{�NZeM�RUMQgw� :
�a:�9S:()§ÄSÇ\¿ìÄ*��½,+8º8¾#-8ÈSÉ§Ê g��UKNM ~�VYgNMs]�ZnZUM�c;VYT�MSqdTX];gdx�P;���UKaM OQP;gaR��UV��UfNM�gw�nM�~�M�T�M�gw�eRnV�g��UKNM
fNgaV�^SMQZ?R�MnOQ]�g�`6Mn�UZeM�]��UMsh�];RF�6M�Z��IMsO��*®afNVWhNR :8² P;Z*]��-MQZU�IM�Or�F®6fNVYh�q\�UKNMn�NZeM�ReR�faZUM¯VYR8VWR�P;�UZeP;�NVWO
];gah�]{�IfagaO��eV�PSg�P����eKNM§hNMQgaRUV���x�];~�PSgNM;qd]�g6h�V��?R¯R��UZeM�ReR�ëlM�gNMQZec;x��UMQg6R�PSZ�T�]_xX`6M [�ZUV����eMQg�]SRQq

Tµν = (ρ+ p)uµuν + pgµν ,
[�KNM�ZUM

uµ = dxµ

(−ds2)1/2

VYR��UKNM{�IPSfNZ=^SMQ~YPdOQV���x�P��*�UKNM�®afNVWh ];gah
uµuµ = −1.

JLKNVWR�V�TX�N~YVYM�R
�eKa]\�

T 0
0 = −(ρ̄+ δρ)
T i

j = (p̄+ δp)δi
j

T 0
i = (ρ̄+ p̄)vi.ü MQZeM;q\�eKNM�P\^;M�Z8`6]�Z�h/MQgaP��UMsR�]_^;M�Ze];c;M�h�h/MQgaRUV���x�P;Z��NZeM�ReRUfNZUMSq\[�KNVY~�ML�eKNM

δρ
h/MQgaP��UMsR�h/V/.-M�Z�ë

M�gaOrMsRL�IZUPST��eKNM�TXM�];g�^\]�~YfNM�R : |�M�OQ]�g �IfNZU�UKaMQZ§hNMrîagNM��UKNM�h/MQgaRUV���x OQP;gw�UZ?];R��
δ ≡ δρ/ρ̄,]SRL[¯M�~�~�]SRn�UKNM�]_^SMQZ?]�c;M�M��wfa]\�eV�PSg�P;�*R��e]��UM

w ≡ p̄/ρ̄ ]�gah��UKaM�R�PSfNgah R��-MQMsh c2s ≡ δp/δρ.k¯P;g6R�M�ZU^\]\�eV�PSg�P;�*R��UZeM�ReR�ëìMQgaMQZec;xXV�TX�N~YVYM�Rn�UKaMQg¤�UK6]\�

δ̇ + (1 + w)(ikv + ḣ/2) = 3 ȧ
a (w − c2s)δ

ikv̇ + ȧ
a(1− 3w)ikv + ẇ

1+w ikv =
c2

s

1+wk
2δ.

JLKNM§îaZ?R��LM��wfa]��UVYP;g�VWRn�UKaM§faRUfa];~COQP;gw�UVYgdfNV���x�M��wfa]\�eV�PSg�qw[�KNV�~YM �UKNM�RUM�OrPSgah�VWRL]�^SMQZ?R�VYP;g�P��
�eKNM�´�fN~YMQZ§M��wfa]��UVYP;g :LÊ ��VWR=faRUMr�Ifa~4�eP�OrPSgaR�VWh/M�Z��UKNMsR�M�M��wfa]\�eV�PSgaRL�IPSZ�R�PSTXM�R��-M�OQVY];~FO�];RUM�R�Î
OQP;~Wh�hN];ZUb�T�]����UM�Z�i

p = 0)
]�gah�ZeMQ~W]\�UVY^dVYR��UVWO§®afNVWhNR�i

p = ρ/3).



0 âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é
�a:�9S:�9S:2143�5762698 ÷;:�ù 8 öØö ôQ÷=<�m�PSR���~�Ms];h/VYgNc�TXP/h/MQ~WR8�IP;Z�R��UZefaO��efNZeM��IPSZUT�]\�eV�PSg�OQP;gw�e];V�g�R�PSTXM
];T�PSfNgw��P���OQP;~Wh�hN]�Zeb�TX]����eMQZ : JLKNM hN]�Zeb�TX]����eMQZ�VWR¯gNMQMsh/M�h��eP��IP;ZeTÌ�UKNM§�6P;�UMQgw�eVY];~6[nMQ~Y~YR
�eKa]\���eKNM�`6]�Zex;P;g6R*�¡]�~Y~aVYgw�UP�[�KaMQgX�UKaMQxXKa]_^;M=hNM�OrPSfN�N~YM�hX�IZeP;TÌ�UKaM��NKNP;�UPSgaR : JLKNVWR�VWR�gaM�O�ë
MsRURe]�Zex{R�VYgaOrML�eKNM�P;ZeVYc;VYga]�~d`a];ZUxSP;g{®af6O��Uf6]\�UVYP;g6R�[�V�~Y~N`-M�hN]�TX�-M�h�`dx�h/V/.-f6R�VYP;g�M>.CM�Or�eR=i¡V : M :
� VY~Yb�hN];TX�NV�gac : p Ê g��NfaZUM�~�x�`a]�Zex;PSgNVYOLTXP/h/M�~YR�q��eKNM§];T��a~�V��UfahNM=P���h/M�gaR�V���x�®afaO��efa]\�eV�PSgaR�PSg
RUT�]�~Y~�RUO�]�~YM�R¯�UM�gahNRL�eP�`6M�c;ZeM�]��U~Yx�RUfN�N�NZeM�ReR�Msh�ZeMQ~W]\�eV�^SM§�eP��UKNM�knm1o¦]�gNVWRUP��UZeP;�dx :
JLKNMXhN]�Zeb¤T�]\���eMQZ�MQ^SP;~Yf/�UVYP;g�VYR �a];Z��eVYOQfN~Y];ZU~Yx¤M�]SR�x �UP��IP;~Y~YP\[°V�g�R�xdgaO?KaZUPSgNP;faR�cS];fNc;M :

JLKNM��IZe];TXM�h/Mrî6gNM�h�`wx �eKNM��IZeMQM�~�x �¡]�~Y~YV�gNc hN]�Zeb TX]����eMQZ§hNMrîagNMsR§�UKNM�R�xdgaO?KNZeP;gaP;faR=OQPdP;ZUë
h/VYga]��UM�R�q�]�g6h�];R�]�ZUMsR�fa~�� �UKNM�hN];ZUb¤T�]\�U�UM�Z K6];R gNP ^;MQ~YP/OrV���x�V�g��UKNVWR �IZ?]�TXM;q�i

vc = 0
p :

² ~YfaO��efa]\�eV�PSgaR{VYg��eKNM�hN];ZUb1T�]����UM�Z�h/M�gaR�V���x�ZeM�RUfN~��{P;gN~Yx1�IZeP;T �UKNM�R��UZeMr�?O?KNV�gac P;�LRU�a]SOrM;q
δ̇c + ḣ/2 = 0.JLKNM RU];T�M�M��wfa]��UVYP;gaR�]�~WR�P1M=.-MsO��eV�^SMQ~Yx�];�N�N~Yx¥�UP1�eKNM�`6]�Zex;P;g6R�]\�3�eMQZ��UKNM�xjh/M�OQP;fN�N~YM :
ü P\[¯M�^;MQZsq��eKNMQx�`6M�c;VYg�[�V��UK gNP;g/ëìzQM�ZUP�^;M�~�P/OrV��UVYM�RnZeM�RUfN~��UVYgNc��IZeP;TÂ�eKNMQVYZLV�gw�eMQZ?];O��eV�PSgaR¯[�V��eK
�eKNM��NKaP��UPSgaR : JLKNM�RUM�RU~�P\[�~Yx�hNM�OQ]_x�]_[L]_x�];R��UKNM��NKNP;�UP;g6R{�¡]�~Y~nV�gw�UP1�UKNM�c;Z?]_^wV��e]��UVYP;ga];~
[nMQ~Y~YR�TX]Sh/M=`dx��UKNM hN]�Zeb�T�]\�U�UM�Z : JLKNM�^SMQ~YP/OrV���x�M��wfa]��UVYP;g�q

v̇+ ȧ
av = 0,

V�TX�N~YV�MsR��eKa]\���UKNM
^SMQ~YPdOQV��eV�MsRLh/M�O�]_x�];R

a ? à .
�a:�9S: � :A@ ô 5/8 öØñCBsñWò�öØñ¡õEDnø/ñ 6 ò=< ­ ��Ms]�Ze~�x¤�eV�TXMsRQqF[¯M�~�~�`-Mr�IPSZUM�h/MsOrP;fa�N~�VYgNc6q,�UKNM��aKNP��eP;gaR{];gah`a];ZUxSP;gaR¯[nMQZeM§�eV�cSKw�U~Yx�OrPSfN�N~YM�h ]�gah¤]SO��UMsh�]SR�]XR�VYgNc;~YM{ZeMQ~W]\�UVY^dVYR��UVWO�®afNVWh : JLKNVWRL®afNVWh Ka];R
] �NZeM�ReR�faZUM�h/fNMX�eP¤�UKNM��NKNP��eP;gaR�i

p = ργ/3
p ]�gah�]�h/M�gaR�V���x�[�KaVYO?K�VWR �UKNM�RUfNT�P��n�UKNM

�NKaP��UPSg¥];gah�`a]�Zex;PSg�h/MQg6R�V���x
(ρ = ργ + ρb).

onMr�IP;ZeMXT�]\���eMQZ�h/PSTXV�ga]��UVYP;g�q��UKNMX`a];ZUxSP;g
h/M�gaRUV���x�O�]�g `6M{VYc;gaP;ZeM�h,qNRUP�[nM�îagah

δ̇γ + 4
3 (ikvγ + ḣ/2) = 0
ikv̇γ = 1

4k
2δγ.JLKNM�ZUM�VYR�]�OrPSTX�6MQ�UV��UVYP;g�`-Mr��[nMQMQgj�UKNM�c;Z?]_^wV��e]��UVYP;ga];~��6P;�UM�gS�eVY];~��eMQZeT¤q8[�KaVYO?K��eMQgahaR��eP

T�]�bSM��eKNM ®afaOr�Ufa]��UVYP;gaR�OQP;~Y~Y];�aR�MSq/]�gah��UKNM��NZeM�ReRUfNZUM§�UM�ZUT¤q/[�KNVWO?K [¯PSfN~Yh�OQ];faR�M§�UKaM�®afaO�ë
�efa]\�eV�PSgaR��eP�PwRUOQV�~Y~Y]��UM�]SOrPSfaR��eVYO�]�~Y~�x : ³§g�^;MQZex�~Y];ZUcSM�RUO�]�~YM�R�q��eKNM§cSZe]_^dV��e]��UVYP;ga];~/�UM�ZUTÂh/PST�ë
VYga]\�eM�R�q�[�KNVY~�M�PSg¥RUT�]�~Y~�M�Z�RUO�]�~YM�R§�UKaM��NZUMsRURUfNZeM�h/P;TXVYga]\�eM�R : JLKaM�RUO�]�~YM�[�KaMQZeM��eKNMQx�]�ZeM
ZeP;fNcSKN~Yx�M��wfa];~�VYR=bwgaP\[�g ]SRL�UKNMGFdô 8�H ò�òQõ 8�5 ô>I4]�gah V���c;VY^;MsR�]�g¤VYhNM�]XP��8�UKaM�R�T�];~�~YM�R��=P;`/ë
 �MsO��eRL[�KaVYO?K¤OrPSfN~Yh�Ka]_^SM OQP;~Y~Y];�aR�Msh :�² PSZ¯�eKNM{`a];ZUxSP;gaR�q;�eKNVWR=RUO�]�~YM hNZUPS�aRLOrP;g6R�VWh/MQZ?]�`a~�x�]��
ZeM�OQP;T�`aV�ga]��UVYP;g�[�KNMQg �UKaM{�NZUMsRURUfNZeM hNfNM��UP��NKaP��UPSgaRLgNMs]�Ze~�x�hNVYRe]��N�-M�];ZeR�qN]�g6h��eKNMKJ;Ms]�gaR
T�];ReRLh/ZeP;�aRn�IZeP;T�RUfN�-MQZ?Or~YfaR��UMQZ=ReOQ];~�MsRn�UPXc;~YP;`afN~Y];Z�R��?]�Z=Or~YfaR��UM�Z=RUO�]�~YM�R :
�a: � : � º4Æ¯ÄSÇ\Ã��aÇ\¾MLN�-¼ Ä"O��QP¡ºF½�¾M�6¼SR�ÁaÇ��*T�¾¡¼8Áj»N¼�-�Á6»Nº8Á-Ä�ÅU��-FÄdÈSÉ=Ê g1c;M�gNMQZ?]�~lqaV���[nM
OQP;gaRUVYhNMQZL�6M�Z��efNZe`a]\�eV�PSgaRnV�g¤]�fNgNVY^;MQZ?RUM h/PSTXV�ga]��UMsh�`dx�]�VWR�P;�UZeP;�NVWO§RUVYgNc;~YM�®6fNVYh�qN[¯M�Ka]_^SM
�IPSfNZ�h/MQcSZUM�M�RFP��N�IZeMQMsh/P;T¤Î

h, ḣ, δ, v
: |¥MLO�]�g�R�PS~�^SM��UP§îagah��IP;faZ*RUMQ�6]�Z?]\�UMnR�PS~�fN�UVYP;gaR�q_��[¯P

cw]�fNcSM�]�gah���[¯P��NKdx/R�VWOQ];~ØqwbdgNP\[�g�];RncSZUP\[�VYgNc�]�g6h�h/MsOQ]_xdV�gac�TXP/h/M�R iIy�ZeM�ReRAVXW�VWRUKNgNVW];O�q
9stNY;� p : ³§fN�eRUVYh/M��UKNM�KNPSZUVYzQPSg�qa�eKNM�cS]�fac;M{TXP/h/M�R�OrPSZUZeM�RU�-P;gah��UP ]�OQP;gaR��e];gS��R�KaV��3��V�g

h,];gah�P;gaM§[�KNVWO?K�VWRn�NZeP;�-P;ZU�UVYP;ga];~N�UP
t−1.

|�M�OQ];g�RUP;~Y^;M=�IPSZ��eKNM�`6M�Ka]_^dV�PSZ�P;���UKNM�cSZUP\[�VYgNc
RUP;~Yf/�UVYP;g6R�Ms];RUV�~Yx�PSf/�eRUVWh/M��eKNM KNP;ZeV�z�P;g�V��4[nM§RUMr�n�UKNM ^;M�~�P/OQV��eV�MsR��eP�z�MQZeP�`dx�Ka]�gah�i3�eKNP;fNcSK
gNP;�UM{�eKa]\�§�UKNVWR§[�V�~Y~FM�~�VYTXV�g6]\�UM��UKNM�h/M�O�]_xdV�gNc�TXP/h/M�R�PS~�f/�eV�PSg�qa`af/� [�VY~Y~4~YM�]_^;M�P;gNM�cw]�fNcSM
TXP/h/M : p
�a: � :�9S:A@E8N6 ñ 8 öØñ 3�HZ6N3 ù�ñ HQ8 öØñ 3�H <�³§f/�eRUVWh/ML�UKNM�KNP;ZeV�z�P;g¤i¡];gah�V�cSgNP;ZeV�gac§�eKNML®afNVWhX^;M�~�P/OQV���xNp�q
[nM�O�]�g¥OrP;T�`NVYgNM��eKNMXTXMr�UZeVWO�M�^;PS~�f/�eV�PSg�];gah��eKNM�OrP;gw�eV�gdfNV���x�M��wfa]��UVYP;g1�eP îagah¥]�RUV�gac;~YM
RUM�OQP;gah�P;Z?h/MQZLMs�Sf6]\�UVYP;g��IP;ZL�eKNM{ZeMQ~W]\�UVY^dVYR��UVWO�®afNVWh hNMQgaRUV���x

δ̈γ +
ȧ

a
δ̇γ =

32π

3
Ga2ρ̄γδγ = 4

(
ȧ

a

)2

δγ



é,ã,æ6å
�{ã,é�æ��Cå1çaã����LèWç��LèWçaâaã������,å¤ä
�6ç����,âaã��CéCê [
[�KNM�ZUM��UKNM¤~W];R����IPS~�~YP\[=R��IZUPST��UKNM¤h/Mrî6gNV��eV�PSgÍP;�=�UKaM ü fN`N`N~YM¤�a]�Z?]�TXMr�eMQZ : ï V�^SMQgj�eKa]\�
�eKNM�ReOQ];~�M��¡];O��eP;Z c;ZeP\[=R�]SR

a ∝ τ ∝ t1/2 V�g��UKNM�Ze]Sh/VW]\�UVYP;g1hNP;TXV�g6]\�UMsh1M�Ze]aq6V��eR M�]SR�x �ePRUKNP\[¦�UKNVWR�K6];R��eKNM�RUP;~Yf/�eV�PSgaR
δ ∝ τ2, τ−2 ∝ t, t−1.

JLKNM{îaZ?R���R�PS~�fN�UVYP;g�VWR=�eKNM�cSZUP\[�VYgNc
TXP/h/M;q-[�KNVY~�M��UKNM�R�MsOrP;g6h�OrP;ZeZeM�RU�6PSgahNRn�UP��UKNM�cS]�fac;M{TXP/h/M : ­ T�PSZUM�h/Mr�?]�VY~�Msh�R�PS~�f/�eV�PSgRUKNP\[=RL�eKa]\�§�UKNM�ZUM�VYR§]�~WR�P�]�h/M�O�]_xwVYgNc�TXP/h/M

δ ∝ τ
P;f/�?R�VWh/M��UKNM�KNP;ZeV�z�P;g : JLKaM�c;ZeP\[�VYgNc

];gah�h/MsOQ]_xdV�gac�TXP/h/M�RnT�]\�?O?K�P;gw�eP��UKaM���[nP��NK6];RUM�R¯P��4PwRUOQV�~Y~Y]��UVYP;gaR¯P��4�UKNM§®afNVWh�PSgaOrM��UKNM
TXP/h/M�RLM�gw�UMQZL�eKNM{KNPSZUVYzQPSg :
�a: � : � :]\�8 ölö ôr÷ 6N3 ù�ñ H^8 ölñ 3�H < ­ R�VYTXV�~W]�Z��eZUMs]\�UTXM�gS�XP��§�UKNM ®af6O��Uf6]\�UVYP;g6R�VYgÍ�UKNM¤T�]\�U�UMQZZeMQcSV�TXM ~�Ms];h��UP�]�g M��wfa]��UVYP;g��IP;ZL�eKNM�knµ§m�h/M�gaRUV���x OrP;gw�eZe]SR��

δ̈c +
ȧ

a
δ̇c = 4πGa2ρ̄cδc =

3

2

(
ȧ

a

)2

δc.

|}V��UK°�eKNM¢T�]����UM�Z¥hNP;TXV�g6]\�UMsh°RUO�]�~YV�gac
a ∝ τ2 ∝ t2/3,

[¯MËOQ]�g î6gah �UKaMÍRUP;~Yf/�UVYP;gaR
δ ∝ τ2, τ−3 ∝ t2/3, t−1.

JLKNM�RUM�];cS];V�g1OQP;ZeZUMsR��-P;gah��eP��UKaM�c;ZeP\[�VYgNc�]�gah1cS]�fac;M�TXP/h/M�R
PSf/�eRUVYhNML�UKNM�KNPSZUVYzQPSg�q�[�KNVY~YM��UKNM=hNM�OQ]_xdVYgNc�TXPdhNM=OQ]�gX`-M�RUKNP\[�g��eP�`-M

δc ∝ τ−1 ∝ t−1/3.·�P��UM¯�UK6]\�8�UKNMLM��wfa]��UVYP;g�];`6P\^SM¯];�N�N~YV�MsR4M�^;MQg�]\�3�eMQZ8�UKNMn�-MQZU�UfNZe`a]\�eV�PSgaR8MQgw�UM�Z4�eKNMLKNP;ZeVYzQP;g :
ü P\[¯M�^;MQZ¯�UKaM�RUO�]�~YV�gNcXP;�4�UKaM{cS]�fac;M�]�gah¤h/MsOQ]_xdV�gac�TXP/h/M�R�RU[L]�� `6M�Ka]_^dV�PSfNZeR :
JLKNVWR�M��wfa]��UVYP;g¤]�~WR�PXKa]SRL^;M�ZUx�VYTX�6PSZ��?]�gw�=OrPSgaR�Ms�wfNMQgaOQM�Rn�IPSZL�UKNM�T�]����UM�Z��6P\[nMQZ=RU�-M�O�ë

�eZUfNT : m�P/h/MsR�P;f/�?R�VWh/M��UKNM�KaP;ZeV�z�P;gÍi¡P;Z��eKNPSRUMXV�gaRUVWh/M�]\�3�UM�Z{T�]\���eMQZ�h/PSTXV�ga]��UVYP;g6p§cSZUP\[
]SR

τ2,
[�KNVWO?KËOQP;ZeZUMsR��-P;g6hNR��eP�]�cSZe]_^dV��e]\�eV�PSga]�~n�-P��UM�gw�UVW]�~�[�KNVWO?KÍVWRXOrPSgaR��?]�gw��V�gÍ�UVYTXM :

ü P\[¯M�^;MQZsqF�UKNM�ZUVYc;Kw�UK6]�gah�RUVYhNM�P����eKNM M��wfa]\�eV�PSg�VYR�P;ga~�x�~W]�Zec;M�[�KNM�g��UKaM hN];ZUb¥T�]\�U�UMQZ
h/M�gaRUV���xjVWR�h/PST�VYga];gS� :ÍÊ � �UKaM �-MQZU�UfaZU`a]��UVYP;gaRXM�gw�UMQZ�h/faZUVYgNc¥�UKNM�Z?];hNVY]��UVYP;gÍhNP;TXV�g6]\�UMsh
ZeMQcSV�TXM;qS�UKaMQVYZncSZUP\[L�eK�RU~�P\[=R : JLKaVYRn~YM�];haR��eP�]��UfNZegNP\^;M�Z�VYg��eKNM TX]����eMQZL�6P\[nMQZnR��-M�Or�UZefNT
i¡P;Z=T�]\�U�UM�Z=�UZ?]�g6R��IM�Z��IfNgaOr�UVYP;g6p : JLKNM��-P\[¯M�Z�RU�6MsO��UZefNT�MQgahaR�fN��[�V��UK�]��6Ms]�b P;g1ReOQ];~�MsR
[�KNVWO?K}MQgw�eMQZeM�hÍ�UKNM�KNP;ZeVYzQP;g}]����UKNM�Ze]Sh/VY]��UVYP;g/ëìT�]\�U�UMQZ��UZ?]�gaRUV��eV�PSg : JLKwf6R��UKaM�T�]\�U�UMQZ
�-P\[¯M�Z�RU�6MsO��UZefNT"`-M�OQP;TXM�R�]1^;M�ZUx¥c;PdP/h��NZeP;`-M�P;���UKNM T�]\���eMQZUëlZ?];hNVY]��UVYP;g�Ze]��UVYP1VYg��UKNM
fNgaV�^SMQZ?R�M :
­ RUV�TXVY~Y];Z{M>.CM�Or��Ka]��a�6M�gaR{V��n�eKNM�fNgNVY^;M�ZeRUMX`6MsOrPST�MsR�h/PST�VYga]��UM�h¥`dx�]�OQPSRUTXP;~YP;c;VWOQ];~OQP;gaR��e];gS��[�KaVYO?K�VWR�RU�a]\�eVY];~�~Yx�RUTXPdP��UK : ­ cS]�VYg�q8�UKaM�c;ZeP\[L�UK�P��L�eKNM�®afaOr�Ufa]��UVYP;gaR�R�~YP\[=R�q]�.-MsO��UVYgNc��UKNM��-P\[nMQZ�R��-M�Or�UZefNT�gNMs]�Z��UKaM�KNP;ZeV�z�P;g¢ReOQ];~�M :ÍÊ g©h/PSV�gNc�RUPaq¯V���OQ];faRUM�R��UKNM

cSZe]_^dV��e]\�eV�PSga]�~*�-P��eMQgw�UVW]�~��UP�hNM�OQ]_xSqF[�KaVYO?KjO�]�g�`-M�P;`aRUMQZe^;Msh¥`wx��UKaM�VYgS�eMQcSZe]��UM�h � ]SO?KaR�ë
|¥P;~��IM�M>.CM�O���i¡RUMQM�`6M�~�P\[ : p

_ :a` B�'9'wHb�QHIBF>�'wþ��c�ed{B�'�@�f�g��F>�>UhEiFE��d@,HIB4>
|¥M�VYgS�eZUP/h/f6OrM=�eKNM§onPS~��ezQT�]�gNg�Ms�wfa]\�eV�PSg�V�g�R��?]�c;MsRQq;îaZ?R��¯OQP;gaRUVWh/MQZeV�gac{�UKNM OQ]SR�M=[�KaMQZeM

�eKNMQZeM�]�ZeM{gNP�OQP;~Y~�VWRUV�PSgaR=]�g6h¤Mr�N]�TXVYgNV�gac�V��?R�OrPSgaRUM��wfNMQg6OrM�R��IP;Z=�eKNM��aKNP��eP;g�h/VWR��eZUVY`Nf/�eV�PSg
�IfNg6O��UVYP;g4qSVYg��a];Z��eVYOQfN~Y];Z�KNP\[ËV��n~�Ms];hNR��UP{�eKNM � ];O?KaR�ël|¥P;~��IM�M��wfa]��UVYP;g :8Ê gX�If/�efNZUM R�MsO��eV�PSgaRQq
[nM�OrPSgaR�VWh/M�Z��UKNM�M=.-MsO��?R�P���VYgw�UZePdhNfaOrVYgNc1OrPS~�~YVWR�VYP;gaR{];gah�KNP\[Ì�UKNM�x¥O�]�g�~YM�];h��eP�hN]�TX�/ë
VYgNc1M=.-MsO��eR :�² VYga]�~Y~Yx;q�[nM�OrPSgaRUVYh/M�Z��eKNM��IfN~Y~�]�gNVWRUP��UZeP;�aVYO�onP;~��Uz�T�]�gNg�Ms�Sf6]\�UVYP;gÍ]�gah�V��eR
VYTX�N~�VWOQ]��UVYP;gaRn�IPSZ§knm1o}�-P;~W]�ZeV�zs]\�eV�PSg :
_ :�9S: � Ã8Ä¸Ç\Ä*P¡»N½�¾bO�¾ØÈQ½s¾#� ! �QPI½cL;Åj»a¼F¼	Ä*!,ºF»N½�¾#�-¼¯É ² P;ZXT�]�gdxjbdV�g6hNR�P��§�6]�ZU�UVWOr~YM�R�q��UKNM
�-MQZU�IM�Or�=®afNVWh�]��N�aZUP_�/VYTX]��UVYP;g VYR=gNP��§RUf/¨�OrVYMQgw� : JLKNVWR=VWR=�6]�ZU�UVWOrfN~W]�Ze~�x��UZefNM{�IP;Z�ZUM�~Y]��UVY^wVWR�ë
�eVYO�R��-M�OQV�MsR�RUfaO?K�];R�gNMQfN�UZeV�gNPwR�];gah��NKNP;�UPSgaR§]��3�UM�Z�~W];R�� ReOQ]\�U�UM�ZUVYgNcaq6[�KNVWO?K1Ka]_^;M�]�~Y];ZUcSM
TXM�];g��IZeMQM �a]\�eK�~YMQgNc;�UK : JLKNM�onP;~��UzQT�];gNg�Ms�Sf6]\�UVYP;g�b;MQM��aR��UZ?];O?bXP����eKNM gwfaT�`-MQZLP��4�6]�ZUë
�eVYOQ~�MsR�VYg�]��a]�ZU�UVWOrfN~W]�Z¯MQ~YMQTXMQgw�LP��4�aKa];RUM§RU�a];OQM;qS�UKNM gdfNT�`-MQZn[�V��UK�]��a];Z��eVYOQfN~Y];Z��-PSRUV��eV�PSg
];gah�TXPST�M�gw�UfNT¤Î

dN = f(x,p, τ)d3x d3p.
ü M�ZUMSq

f
VWR �UKNMX�NK6];RUMXRU�a]SOrMXh/VYR��UZeVY`Nf/�UVYP;g

�IfNg6O��UVYP;g :ÍÊ gÍ�UKNM�OQP;gw�UMQ�w��P;��knm1o	®af6O��Uf6]\�UVYP;g6RQq¯[¯M¤[L]�gw���eP�bwgaP\[Â�UKNM¤gdfNT�`6M�Z�P��



j âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é
�NKaP��UPSgaR=OQP;TXV�gac��IZUPST�]�c;VY^;MQg1hNV�ZeM�Or�UVYP;g�q6[�KNVYO?K�VWR§�NZUMsOrVWR�M�~�x��UKNM��NZeM�RUMQgw��h/VWR��eZUVY`Nf/�eV�PSg
�IfNg6O��UVYP;g :
|¥M{`6M�c;VYg `dx�OQP;gaRUVWh/MQZeV�gacXRUVYT��a~�M�P;gaM�OrP;TX�-P;gNM�gw�L�6]�ZU�UVWOr~YM�RL[�V��UK�R�PSTXM T�]SRUR : ³§fNZ

�eZUMs]\�UTXM�gS�*OQ];g�M�]SR�VY~Yx `-MnMr�d�UM�gah/M�h��UP T�];ReR�~YM�ReR��a];Z��eVYOQ~�MsR4`dx��?]�bdV�gac=�UKaM¯~YV�TXV���];R
m→ 0.onx2�4P;fNVY^dV�~Y~YM « R*�UKNM�P;ZeMQT¤qwV��C�UKaM]�4];c;Z?]�gNcSVY];g�VYgaOr~Yfah/MsR�];~�~/�eKNM�ZeMQ~YMQ^\];gS���aKwx/RUVYO�RQq;�UKNM�gX�UKNM

h/VWR��UZeV�`NfN�UVYP;g©�IfNgaOr�UVYP;g}�IPSZ�]�cSV�^SMQg¸OrPSTX�6PSgNMQgw��P;���aKa];RUM�RU�a];OQM�VYR�V�gd^\]�ZeVY];gw��R�P��eKa]\�
df = 0.

� V�g6OrM�[¯M�]�ZeM�OrPSgaR�VWh/M�ZUVYgNc�]�gNP;g/ël�UZeVY^wVW]�~FTXMr�UZeVWO�qCV���VWR§MsRURUMQgw�eVY];~��UP¤h/VWR��eV�gac;fNVWR�K
`-Mr��[nMQM�g��eKNM�OQ];gNP;gNVWOQ];~,TXP;TXMQgw�UfaT q

p̃,
[�KaVYO?K¤VWRLV�gw�UZeVYgaR�VWO �UPk�4P;fNVY^dV�~Y~�M « Rn�eKNMQPSZUM�T�];gah

�eKNM « �NZeP;�-MQZ « TXP;TXM�gS�efNT¤q
p.
JLKNM��NZUPS�6M�Z§TXPST�M�gw�UfNT VWR§hNMrîagNMsh1VYg�]��IZ?]�TXM�[�KNVYO?K�VYR

~YP/OQ]�~Y~Yx¥m�VYgNbSP\[=R�bdV§i
pi = pi p : JLKNM�O�]�gNPSgNVWOQ]�~¯TXP;TXMQgw�UfaT VWR�c;VY^;MQg�`dx p̃i = mui

VYR
ZeMQ~W]\�eM�h��UP��UKNM{�aZUPS�6M�Z�T�PSTXMQgw�UfNT�`wx

p̃i = a(δij +
1

2
hij)p

j .

JLKNMX�NZeP;�-MQZ{TXPST�M�gw�UfNT OQ]�g¥`-M�[�ZUV����eMQg�];R
pi = aqn̂i,

[�KNM�ZUM
n̂
VYR{] � ëìh�fNgNV���gNP;ZeT

^SM�O��eP;Z :
|¥M§OQ];g�[�ZUV��UM��UKNM onP;~��UzQT�];gNg�M��wfa]��UVYP;gX�UKaMQg�VYg��UM�ZUT�R�P��,�UKaM��-PSRUV��eV�PSg�]�gah��eKNM�gNM�[

TXP;TXM�gS�efNT¶�a];Ze];TXMr�UM�ZUVYz�]��UVYP;g�q
q
]�gah

n̂.
��PSfNV�^dVY~�~YM « Rn�UKaMQP;ZeMQT�V�TX�N~YV�MsR

df

dτ
=
∂f

∂τ
+
dxi

dτ

∂f

∂xi
+
dq

dτ

∂f

∂q
+
dn̂i

dτ

∂f

∂n̂i
= 0.

JLKNVWR OQ]�g�`6MXR�PS~�^SM�h¤�-MQZU�UfNZe`a]��UVY^;MQ~Yx : ­ ��zQMQZeP��eK1P;Z?h/M�Z�q6�UKNM�R�PS~�fN�UVYP;g�RUKNP;fa~Yh�`6M�KNP;TXP�ëcSMQgNM�P;faRL]�g6h�VWR�P;�UZeP;�NVWO : ­ RURUfNTXV�gacX];g¤V�gNV��UVW]�~Y~Yx��UKNM�ZUT�];~�R��-M�Or�UZefNT¤qN[¯M îag6h��eKa]\�

f0(q) = gS(e−q0/T0 ± 1)−1.
ü MQZeM;q

gS
VWRL�eKNM{gdfNT�`-MQZ=P;�*hNMQc;ZeMQMsRLP��*�IZeMQM�hNP;T¤q

T0
VYR��UKNM{�NZeM�RUMQgw� knm1o¸�UM�T��-MQZ?]\�efNZeM

];gah
q0 = (q2 + a2m2)1/2 VYR¯�UKaM M�gNMQZec;x�TXMs];RUfNZUMsh�`dx�]�OrP;TXP\^dVYgNc�PS`aR�M�ZU^SMQZ : JLKNM{RUV�cSgh/M��6M�gahNR�PSg�[�KaMr�UKaMQZL�UKaM{�a]�ZU�UVWOr~YM�R�];ZUM§�IMQZeTXV�PSgaRLP;Z�`-PSRUP;gaR :
|¥M¯î6gah��UKNMnîaZ?R���PSZeh/M�Z8RUP;~Yf/�eV�PSg�`dx�Mr�/�a];gah/VYgNc V�g�P;Z?h/MQZ?R

f = f0(q)+f1(τ, q, n̂,x)+
...
];gahX�UKaMQg¤R�PS~�^dVYgNc{�UKaM onP;~��Uz�T�]�gNg�M��wfa]\�eV�PSg�b;M�MQ�NVYgNc�P;gN~Yx��UMQZeT�R��eP�î6ZeR��nPSZehNMQZ :4Ê ��VYR

R��UZ?]�VYc;Kw�n�IZUP\[L]�Z?hX�UP�RUKNP\[ �UKa]��n�eP�zQM�ZUP;�UK P;Z?h/MQZ
dxi

dτ
=
p̃i

p̃0
' pi

p0
=
qn̂i

q0
.

� VYgaOQM ∂f
∂q

VWR=z�MQZeP��eK�P;Z?h/MQZsqa[nM�OQ];g1b;M�MQ� dq
dτ

�eP�îaZ?R���P;Z?h/MQZsq6];gah¤�eKNM�cSMQP/h/M�RUVWO�M��wfa]\�eV�PSg
~YM�]ShNRn�UP

dq

dτ
= −1

2
qḣij n̂in̂j .

Ê gË�UKaM�îaga];~��UM�ZUTúP����UKNM1onPS~��ezQT�]�gNg©Ms�Sf6]\�UVYP;g4q dbni

dτ

];gah ∂f
∂n̂i

]�ZeM¤`6P;�UK©îaZ?R���PSZehNMQZsq
RUP¤�UKNM�V�Z��NZePdhNfaO���O�]�g�`-M�VYc;gNPSZUMsh�VYg��UKaM�îaZ?R���PSZehNMQZ�Ms�Sf6]\�UVYP;g : JLKdfaR��UKNM�î6ZeR���P;Z?h/M�Z
onP;~��Uz�T�]�gNg�Ms�Sf6]\�UVYP;g�`-M�OQP;TXM�R�i3�IPSZ§]�cSV�^SMQg ² PSfNZeV�M�Z�TXP/h/M;q-V�g�[�KNVYO?K¤�eKNM�hNMQ�-MQgah/M�gaOrM
PSg��-PSRUV��eV�PSg�`-M�OQP;TXM�R�]�hNMQ�-MQgah/M�gaOrM{PSg�[L]_^;M�gdfNT�`-MQZ�p

∂f1
∂τ

+ ik · n̂ q

q0
f1 −

1

2

∂f0
∂q

qḣij n̂in̂j = 0.

JLKNVWR�VWRn]��N�NZeP;�aZUVW]\�eML�IP;Z�M�V��eKNMQZ¯gNMQfN�UZeV�gNPwR�PSZ��NKNP;�UPSgaRQqw[�KNM�ZUM=[nM§O�]�gX�?]�b;M=�UKNM§TX]SRURU~YM�ReR
~YV�TXV���]�gah

q/q0 = 1.³��3�UM�g��UKaM�onP;~��UzQT�];gNg�M��wfa]��UVYP;gXVYR�Mr�/�NZeM�ReR�Msh�V�gX�eMQZeTXR�P���RUP�ë OQ]�~Y~YM�h�ðr÷�ñmlondö H ôrò?ò�p?ø H õ=q
ölñ 3�H òrI6[�KNMQZeM��UKaM

q
h/M��6M�gah/MQg6OrM�P;�,�UKNM h/VWR��eZUVY`Nf/�eV�PSg��IfNgaOr�UVYP;g�Ka]SR�`-MQM�g�VYgS�eMQcSZe]��UM�h�PSf/��q



é,ã,æ6å
�{ã,é�æ��Cå1çaã����LèWç��LèWçaâaã������,å¤ä
�6ç����,âaã��CéCê s
];gah�V��eR=Mr�/�NZeM�ReR�Msh�];Rn�eKNM{Z?]\�UVYP;g P��FîaZ?R���P;Z?h/M�ZL®afaO��efa]\�eV�PSgaRn�UP��eKNM{TXM�]�g�h/M�gaRUV���xCÎ

∆(k, µ, τ) ≡
∫
q2dq qf1∫
q2dq qf0

= −4f1

(
q
∂f0
∂q

)−1

= 4f1

(
T0
∂f0
∂T0

)
.

ü MQZeM;q
µ ≡ k̂ ·n̂ = cos θ.

Ê g��eMQZeTXR8P;�a�UKaM�`NZUVYc;Kw�egNM�ReRF�IfNgaO��eV�PSg�q\�eKNM=onP;~��UzQT�];gNg�Ms�Sf6]\�UVYP;g
VWR

∆̇ + ikµ∆ = −2ḣijn̂in̂j .JLKNM�`NZUVYc;Kw�egNM�ReRL�IfNgaOr�UVYP;g1`6];RUVYO�]�~Y~�x�VYR=�UKNM�Ze]��UVYP�P��*�UKNM�h/MQg6R�V���x�P;���a]�ZU�UVWOr~YM�R{ù 3 Bsñ H l ñ H
8 l�ñCB\ô Ht6 ñ3÷eôeõQölñ 3�H �eP��UKNM�TXMs]�g¤h/MQgaRUV���x :¯� VYgaOQM��UKNM�h/M�gaRUV���x�VWR��NZeP;�-P;ZU�UVYP;g6]�~-�UP

T 4,
�UKNM

�eMQTX�6M�Ze]��UfNZeM�®6faO��efa]\�eV�PSg¢VWR�cSV�^SMQgj`dx δT
T = ∆/4.

² PSZ�]��6M�Z��IMsO���®afNVWh,q��eKNM��aZUMsRURUfNZeM
VWR{VWR�P;�UZeP;�NVWOXV�g�V��eR�ZUMsR��{�IZ?]�TXM :�Ê g��eKNVYR�OQ]SR�MSq��UKaM�`NZeV�cSKS�egNM�ReR��IfNg6O��UVYP;g�VWR��6]�ZU�UVWOrfN~W]�Ze~�x
RUV�TX�N~YM;q

∆ = δ + 4µv.Ê ��VWR�R�PSTXMr�UVYTXM�R�f6R�MQ�IfN~/�UP{[�ZeV��UMn�UKNM§]�gNcSfN~Y];Z�h/MQ�-MQgahNMQgaOQM�P��-�UKNM�`NZeVYc;Kw�UgNMsRUR8�IfagaO��eV�PSg
VYg ]k�4MQcSMQgah/ZeM�R�M�ZUVYM�RL[�V��UK �UKaM�]�Zec;fNTXMQgw�

µ,
�UK6]\�=VWR

∆(k, τ, µ) =
∑

`

(2`+ 1)∆`(k, τ)P`(µ),

[�KNM�ZUM��UKNM�TXP;TXMQgw�eR ]�ZeM�cSV�^SMQg�`dx
∆` = 1

4π

∫
dΩ∆P`(µ).

JLKNVWR�VWR§faR�MQ�IfN~8`6MsOQ]�f6R�M��UKNM
cSZe]Sh/V�M�gw�n�eMQZeT�VYg¤�UKNM�o¯PS~��ezQT�]�gag Ms�wfa]\�eV�PSg¤OQP;fN�a~�MsR�P;gN~Yx

∆`
TXP/h/MsR��UPX�eKNM

∆`−1
];gah

∆`+1
TXP/h/M�R :LÊ ��M�]�Ze~Yx�P;g4qaP;ga~�x��UKNM�~�P\[nM�R��=TXPdhNM�R�];ZUM�Mr�NOrV��UMsh,qN�eKNMQg��eKNM�M�^;P;~Yf/�eV�PSg�P��

�eKNM�KNVYc;KaMQZ�TXP/h/MsR�]�ZeM=MQ�/OQV��eM�h�RU~YP\[�~�x :8² P;Z�MQ�N]�TX�N~YM;qwV�g�]��6M�Z��IMsO���®6fNVYh�P;gN~Yx��eKNM ~�P\[nM�R��
��[nP�TXPST�M�gw�eR=];ZUM gNP;gNëlz�MQZeP :
_ : � : ��� Ä*!,º8»/½�¾M�6¼¯É§Ê �FVYR8R��eZe];V�cSKw���IP;Ze[L]�Z?h��UP R�PS~�^SM*�IP;Z4�UKNM¯MQ^;PS~�fN�UVYP;g{P��/�eKNM�`aZUVYc;Kw�UgaM�ReR
�IfNg6O��UVYP;g : m�fN~��UVY�N~YxwVYgNc��eKNM�onP;~��Uz�TX];gNg M��wfa]\�eV�PSg¤`wx

eikµτ ];gah V�gw�eMQc;Z?]\�eV�gac�P\^SMQZn�UVYTXM;qPSgNM îagahNR

∆(τf ) = ∆(τi)e
−ikµ(τf−τi) − 2

∫ τf

τi

dτe−ikµ(τf −τ)ḣij n̂in̂j .

k¯PSgaR�VWh/M�Z��UKaM O�];RUM�P���VYgaR��e];gS�?]�gNM�P;faRU~Yx�h/MsOrPSfN�N~YV�gNc�]\�n�UKNM§~Y]SR���ReOQ]\�U�UM�ZUVYgNc�RUfNZU�¡];OrMSq
τrec.y�ZeVYP;ZL�UP�h/MsOrPSfN�N~YV�gNc6q/�UKaM�®afNVWh�VWR=]SRURUfNTXM�h��UP�`-M�]��6M�Z��IMsO���®afNVWh : JLKaM�R�PS~�f/�eV�PSg ]����UKNM

�NZeM�RUMQgw�L`6MsOrPST�MsR

∆(τf ) = (δ + 4µv) e−ikµ(τf−τrec) − 2

∫ τf

τrec

dτe−ikµ(τf −τ)ḣij n̂in̂j .

JLKNVWR�qwh/VY^dVYhNM�h�`dxX]��¡];Or�UP;Z¯P��,�IPSfNZ��eP�OrPSgd^;MQZU��VYgS�eP{�UM�TX�6M�Ze]��UfNZeM=®af6O��Uf6]\�UVYP;g6RQqwVYR�bdgNP\[�g
]SR��eKNM � ]SO?KaR�ëì|¥P;~��IM§Ms�Sf6]\�UVYP;g : JLKaM{�NKdxdRUVWOQ]�~CVYgw�UMQZe�NZeMr�?]\�UVYP;g�P��8M�];O?K��UM�ZUT�VYR�h/VWReOrfaReR�Msh
`-MQ~YP\[ :
_ : �a: � Ç_¾ØÁ6¾Ø¼u�-¿*½�Ã8Äk)�Ç\¾¡Åj»NÇsÀ � ¼8¾¡Èc�a½�Ço�6Æ*¾¡ÄdÈ;É§¬ M�OQP;T�`aV�ga]��UVYP;g�P��CMQ~YM�Or�UZeP;gaR*]�g6h��aZUP;ë
�eP;gaR �eP¤�IP;ZeTíKdxdhNZUPSc;MQg�P/OQOrfaZeR�[�KNM�g¥�UKNM��NKaP��UPSg/ëì`a]�Zex;PSg1®afNVWh¥ZUMs];O?KNMsR�] îN�/M�h��UMQT�ë
�-MQZ?]\�efNZUM{P;��P;Z?h/MQZ§]X�UKNVYZ?h�P���]�g�MvW : JLKNVYR=�UKNM�g1P/OQOQfNZeR§]\�§hNVm.CMQZeMQgw���eV�TXMsR�VYg1h/V/.-M�ZUM�gS�
ZeMQcSV�PSgaR=w6P/OQOrfaZUZeV�gac�îaZ?R�� V�g1fagah/MQZ?h/M�gaR�M�ZUM�c;VYP;gaR§]�gah�~W]\�eMQZ§V�g1P\^SMQZ?h/MQg6R�V��UVYM�R :=ü P\[nMQ^SMQZsq
]SR�h/VWRUOQfaReR�Mshj]�`-P\^;MSq8[nM�O�]�gjOQP;gaRUVYhNMQZX]¤îN�/M�hj�UVYT�MSq

τrec,
VYTXTXM�h/VW]\�eMQ~Yx�]��3�UM�Z�];~�~¯�UKNM

ZeMQcSV�PSgaRnZUMsOrP;T�`NVYgNM�h�];Rn�UKaM 5/8 ò�ö¯òrõ 8 öØö ôr÷�ñ H l�ò�ø/÷bp 8 õeôc<
JLKNM�ZUM=];ZUMn�UKaZUM�M�TX];V�g�OQP;gw�UZeV�`af/�UVYP;gaR8�eP��UKNM=�UMQTX�-MQZ?]\�efNZUM�];gNVYRUP��eZUPS�NVYM�R*OrPST�VYgNc��IZeP;T

�eKNM§~W];R���RUO�]\���eMQZeV�gac�RUfNZ��¡]SOrMSÎF�eKNM V�gw�UZeVYgaR�VWO h/MQgaRUV���x�®afaOr�Ufa]��UVYP;g�qw�UKaM�µ§P;�a�N~�M�ZLM>.CM�O��=];gah



x âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é
�eKNM�ZeM�haR�KNV��3�UVYgNc�P����eKNM��aKNP��eP;g�];~�PSgNc��UKaM�~YV�gaM�P;�¯R�VYc;Kw� :§Ê g¥R�xdgaO?KNZeP;gaP;faR�cw]�fNcSM;q6�UKNMsR�M
O�]�g `6M{[�ZeV��U�UM�g ]SR

δT

T
=

1

4
δγ + vr · n−

1

2

∫ τf

τrec

ḣijninjdτ,

[�KNM�ZUM¯�UKaM=h/P��?R�]�ZeMLhNMQZeV�^\]\�eV�^SM�R8[�V��UKXZUMsR��-M�Or�*�UP{OrP;ëlTXP\^dV�gac=�UVYTXM=]�gah
n
VWR�] fNgNV���^;M�Or�UPSZ

];~�PSgNcX�UKNM�~YV�gNM�P���RUV�cSKw� : JLKaVYR§VYR§bdgNP\[�g1];R=�UKNM � ]SO?KaR�ëì|¥P;~��IM�M��wfa]��UVYP;g : i¡·=P;�UM��UKa]��§VYg
�eKNM{�NVWO��UfaZUM{[�KNM�ZUM�ZeM�OQP;T�`aV�ga]��UVYP;g�PdO�OrfNZ?R�]\��îa�dMsh��eMQTX�-MQZ?]\�UfaZUMSq/�UKNM�ZUM{];ZUM�gNP�h/M�gaRUV���x
®af6O��Uf6]\�UVYP;g6RQqC`Nf/� �UKaVYR��UM�ZUT VWR�ZeMQ�a~Y]SOrM�h1`wx�] δa

a

�¡]SO��eP;Z§RUVYgaOrM��NKNP��eP;gaR��IZeP;T h/V/.-M�ZUM�gS�
ZeMQcSV�PSgaRLOQ]�g Ka]_^SM§TXP;ZeM�P;Z�~YM�ReRn�UVYTXM��UPXZUMshNRUKNV��3� : p
JLKNM�OQP;gw�UZeVY`Nf/�UVYP;gX�IZeP;T�ZeM�hNRUKNV��3�UVYgNc�]�~YP;gac��UKNM=�aKNP��eP;g��a]��UK�OQ];g�`6M§fNgah/M�ZeR��UPdP/h�V�g�]

�¡];V�Ze~�x�R�VYTX�N~�M{[L]_x : k¯PSgaRUVYh/M�Z=]XR�T�]�~Y~4RUMQcST�M�gw�LP;�F�eKNM{�a]��UK¤�UK6]\��]��NKNP;�UP;g �eZe];gaR�^SMQZ?R�MsR
VYg¥�UVYT�M

δτ.
JLKNVWR�RUMQcST�M�gw��Ka];R�]¤~YMQgac��UK�cSV�^SMQg�`dx

δL = (gijdx
idxj)1/2 = (a2(δij +

hij)ninj)
1/2δτ ' a(1 + 1

2hijninj)δτ.
JLKNM RUKNV��3��V�g��UKNM��NKaP��UPSg��eMQTX�6M�Ze]��UfNZeM P\^;MQZ��UKNVWR

h/VWR��e]�g6OrM�VYRLcSV�^SMQg `dx��UKNM��IZ?];Or�UVYP;ga];~�O?Ka]�gac;M P��8�UKNM�RUMQcST�M�gw�n~YMQgNc;�UK¤VYg��eKNM{�-MQZeV�P/h
δτ
q

δT

T
|δL = − 1

δL

∂(δL)

∂τ
δτ = −

[
ȧ

a
+

1

2
ḣijninj

]
δτ.

JLKNMXî6ZeR����UM�ZUT�OrPSZUZeM�RU�-P;gahNR§�eP��UKNM�faR�f6]�~�KNPSTXP;c;M�gNMQPSfaR�ZeM�hNRUKNV��3�UVYgNc1P��L�NKNP;�UPSgaR�];gah
�eKNM�RUM�OQP;gah,q-VYgS�eMQcSZe]��UM�h¤P\^SMQZ��eKNM�[�KNP;~YM��NKNP;�UPSg1�a]\�eK�qCc;VY^;MsR��UKaM��UM�ZUT VYg � ]SO?KaR�ëì|¥P;~��IM
MQ�d�aZUMsRURUV�PSg :
Ê �L[¯M��IP/OrfaR{PSg1�eKNM�RUO�]�~W]�Z �NVYM�OrMXP;���UKaM�T�MQ�UZeVYO;q,�UKaMQZeMX];ZUM���[nP h/M�c;ZeMQMsR§P;���IZeMQMsh/P;T

];gah��eKNM{TXMr�eZUVWO§®afaO��efa]\�eV�PSg¤VYRL�a];Ze];TXMr�UM�ZUVYzQMsh�VYg�R�xdgaO?KNZeP;gaP;faRncS];fNc;M�];R

hij =
1

3
hδij + (k̂ik̂j −

1

3
δij)h

S .

JLKdfaR�qdV�g ² P;faZUVYMQZ�RU�a];OQM=�UKaM �6]\�UK h/MQ�-MQg6h/MQgw�=OrPSgS�eZUVY`Nf/�eV�PSg��eP��eKNM��eMQTX�-MQZ?]\�UfaZUM§®afaOr�Uf/ë
]��UVYP;g VYR

δT

T
= −1

2

∫
dτ

∑

k

(
1

3
ḣ− + (k̂ · n)2hS

)
eik·nτ

_ : �a:�9S:Ay ô>z�ö 3�H ñ 8�H l 8 øNlwô2B_ôQ÷?ò�ñ 3�H <=|¥M�OQ];g¤gNP\[¦f6R�M��eKNVYR�Mr�/�NZeM�ReR�VYP;g��UPX�eZe];gaR��IP;ZeTÂ�UKNM
� ]SO?KaR�ël|¥P;~��IM{M��wfa]��UVYP;g�VYgS�eP��UKaM�·=M�[L�UPSgNVY];g�cS];fNc;M�i

h00 = 2Ψ
]�gah

hij = 2Φδij).
JLKNM

cw]�fNcSM��eZe];gaR��IPSZUT�]��UVYP;gaRnOQ];g�`-M�R�KaP\[�g��eP�`6M

Ψ = 1
2k2

[
ḧS + ȧ

a ḣ
S
]

Φ = − 1
6h

− − 1
2k2

ȧ
a ḣ

S

δ = δsyn + 3
2k2

ȧ
a (1 + w)ḣS

v = vsyn + ik
2k2 ḣ

S

[�KNM�ZUM
w ≡ p/ρ = 1/3

VWRn�UKNM M��wfa]��UVYP;g�P��8R��e]��UM§�IP;Zn�UKaM§®6fNVYh�VYg �wfNMsR��eV�PSg :|{ RUV�gNc��UKaM�RUM
ZeMQ~W]\�eV�PSgaRQqw�eKNM � ];O?K6R�ëì|�PS~��IM M��wfa]��UVYP;g V�g�·�MQ[L�UPSgNVW]�g¤cS];fNc;M�OQ];g�`-M�R�KaP\[�g��eP�`-M

δT

T
=

1

4
δγ −Ψ + vr · n +

∫ τf

τrec

(Φ̇ + Ψ̇)dτ.

JLKNVWR�VWR�RUVYT�VY~W]�Z{�eP��UKNM R�xdgaO?KaZUPSgNP;faR�cw]�fNcSM�Mr�/�NZeM�ReR�VYP;g4q4Mr�NOQMQ�/���eKNM�VYgw�UZeV�g6R�VWOX�NVYM�OrM�VYR
TXP/h/V�îaM�h��UPXVYgaOr~Yfah/M��eKNM�V�gNV��UVW]�~,cSZe]_^dV��e]��UVYP;ga];~6�-P��eMQgw�UVW]�~ : JLKNM îaga];~C�UMQZeT¤q/[�KNVWO?K�VWRn�UKNM
OQP;gw�UZeV�`af/�UVYP;g¤]�~YP;gNc��eKNM{�a]\�eK¤P��8�UKNM��aKNP��eP;g�qNVWR�bdgNP\[�g¤];Rn�eKNM�ñ H ö ô}l�÷ 8 ö ô 6 � ]SO?KaR�ëì|¥P;~��IM
OQP;gw�UZeV�`af/�UVYP;g : ·=P;�UM��UKa]��nVYg��eKNM§];`aR�M�gaOrM§P��4];gNVYRUP��eZUPS�NVWO=R��eZUMsRUR�qS�UKNM§´�V�g6R��eMQVYg�M��wfa]��UVYP;gaR
VYTX�N~�x

Ψ = Φ.



é,ã,æ6å
�{ã,é�æ��Cå1çaã����LèWç��LèWçaâaã������,å¤ä
�6ç����,âaã��CéCê ~
_ : _ : � ÄdºF½QÇ\¾¡¼��6ÈSÉ JLKaM¯gNM�f/�UZeVYgNPSR4�IZUM�M�R��UZeM�];T�]SRFRUPdP;g�]SR��eKNMQx{M�gS�eMQZF�UKNMLKNPSZUVYzQPSg : JLKNM�V�Z
h/M�gaRUV���x�OQ];g¢RUP;TXMr�eV�TXM�R�`-M�TXP/h/MQ~YM�hj`wx¥�eZUMs]\�UVYgNc��UKNM�T�];R�]�^dVYReOrPSfaR�®6fNVYh : ­ TXP;ZeMMQ�/]SO����eZUMs]\�eT�M�gw��ZeM��wfNVYZUMsR��IP;~Y~�P\[�VYgNc��eKNM��Ifa~�~LgNM�f/�UZeV�gaP1�NKa]SR�M R��a]SOrM�hNMQgaRUV���xSq�];R�[�V��eK
�eKNM{�NKNP;�UP;g6R�]\�3�UM�Z=h/M�OQP;fN�a~�VYgNc :

v/:=ýE�4B�@�BF>��sG��d@C@,þNA,H3>�����Hb�Q@�B4AN�
Ê �eR�faR�MQ�IfN~*�UP1�wfa];gw�UV��Ix1KNP\[�P;�3�UM�g��eKNM�knm1o°�NKaP��UPSgaR{ReOQ]\�U�UM�Z :�ü M�ZUMX[nMX[�V�~Y~*�IP/OrfaR

PSg�JLKNP;T�RUP;g¥RUO�]\���eMQZeV�gac��IZUPST �IZUM�M�M�~�MsO��eZUPSgaRQqC`NfN� ¬ ];~�M�V�cSK�ReOQ]����UM�ZUVYgNc��IZUPST�Kdx/h/ZeP;cSMQg
]��UP;T�RLOQ];g�]�~WR�P�`6M{VYTX�6PSZ��?]�gw�L�IP;Z=RUP;TXM �IZUMs�wfNMQgaOQV�MsR :
vN:�9S: � ÆF½s¾#�;»�P�-FÄwÆ8½�Ã¯É JLKNMX�IfagahN]�TXM�gS�?]�~��wfa];gw�UV���x1�UP�OQP;gaRUVYhNMQZ{VWR��UKNM��NZUPS`a]�`aV�~YV���x�P��
ReOQ]����UM�ZUVYgNc�VYg�]X�eV�TXM

dt
q6[�KaVYO?K1VWR=cSV�^SMQg�`dx

σTnedt,
[�KNMQZeM

σT
VWR��eKNM�JLKNPST�R�PSg1OrZePSReR

RUM�Or�UVYP;g}]�gah
ne
VWRX�UKNM�h/MQgaRUV���x¢P����IZeMQM�M�~�MsO��UZeP;g6R : JLKaM1V�gw�eMQc;Z?]\�eM�hÍ�NZeP;`a];`NV�~YV���xjP\^;M�Z

RUP;TXM �UVYTXM�V�gw�eMQZe^_];~,VYR�bdgNP\[�g ]SRL�UKaM 3 ó-ölñ¡õ 8�5|6 ô ó-öbn"I
κ =

∫
dtσTne.

iØ·=P;�UM;qa�UKNVWR=VWR=];~YRUP
h/M�gNP��eM�h�]SR

τ
VYg��UKaM§~YV��eMQZ?]\�efNZUM : p�JLKNVWR�VWR�ZeMQ~W]\�eM�h��eP{�UKNM TXM�];gX�IZUM�M=�UVYTXM=�IPSZnReOQ]����UM�ZUVYgNc6q

[�KNVWO?K VYR
tc = 1/σTne.·=MQ�d��OrP;g6R�VWh/MQZ¯�UKaM{�NZUPS`a]�`aV�~YV���xX�eKa]\�=]��NKNP;�UP;g Ka]SRn�UZ?]_^;MQ~YM�h��IZUM�MQ~Yx��IZUPST¶R�PSTXM Ms]�Ze~�x

�eV�TXM��eP=�UKaM��NZeM�RUMQgw�4[�V��UKNPSf/�8ReOQ]����UM�ZUVYgNc6q Ps̄(t).
JLKNM¯�NZUPS`a]�`aV�~YV���x ]\���eKNM��aKNP��eP;g��UZ?]_^;M�~�Msh

�IZeP;T�]{RU~YV�cSKS�e~�x�M�];ZU~YV�M�Z*�UVYTXM;q
t−dt, VWR�c;VY^;M�g�`dx Ps̄(t−dt) = Ps̄(t)(1−σTnedt),

[�KNM�ZUM
�eKNM�RUM�OrPSgah¥�¡];Or�UPSZ�VWR� �faR����eKNM��NZeP;`6]�`NVY~�V���x1�eKa]\���UKNM��NKNP;�UP;g��eZe]_^SMQ~YM�h��UKaM�V�gw�eMQZe^_];~

dt[�V��UKNPSf/��RUO�]\���eMQZeV�gac : JLKNVYR�VYTX�N~�VYM�R��eKa]\� Ps̄(t) = e−κ(t),
[�KNMQZeM��eKNM V�gw�UM�c;Z?]�~¯�IP;Z��UKNM

PS�/�UVWOQ];~�h/MQ�/�eK¤VYRLM�^_];~�f6]\�UMsh��IZUPST
t
fNgw�eV�~,�eKNM{�NZeM�RUMQgw� :

² V�g6]�~Y~�xSq�[¯M¤OQ];gÍO�]�~WOrfN~W]\�eM��UKaMuBsñWò�ñ¡ðrñ 5 ñ3ö���p?ø H õQölñ 3�H I
g(t),

[�KaVYO?KÍVYR��UKaM �aZUPS`a]�`NVY~YV���x
�eKa]\�¯]��NKNP��eP;gX[L];R�~W];R��¯ReOQ]\�U�UM�ZUMsh�]��¯]��eV�TXM

t.
JLKNVYR�VYR�c;VY^;M�g�`dx

g(t)dt = Ps̄(t)σT nedt,�eKa]\� VYR§�UKaM��NZeP;`a];`NVY~�V���x �UKa]��§V���h/VWh1gaP�� ReOQ]����eMQZ�]\�3�UM�Z��eV�TXM
t
T�fN~��UVY�N~YV�Msh�`dx �UKaM��NZeP;`/ë

];`NV�~YV���x��eKa]\�{V���hNVYh¥RUO�]\�U�UMQZ�h/fNZeVYgNc��eKNM��UVYT�MXVYgw�UMQZe^\]�~
[t, t + dt].

JLKdfaRQq,PSgNM�îagahNR§�UK6]\�
g(t) = σTnee

−κ(t).
ï MQgNM�Ze];~�~Yx;qw]�ZeP;fNgah��eKNM§�UVYT�M P���~W];R��nReOQ]����eMQZeV�gNc6q��eKNM hNMQgaRUV���xXP;�,�IZUM�M

M�~�MsO��UZeP;g6R�VWRX^;M�ZUx��wfNVWO?bw~Yxjh/MsOrZeM�];RUVYgNcaq�[�KaV�~YM Ps̄(t)
VWRXc;ZeP\[�V�gac��wfNVYO?bd~Yx;qn]��N�NZePS]SO?KNVYgNc

fNgaV���x ]\��~W]\�eM��UVYT�MsR : JLKdfaRL�eKNM�^dVYRUVY`NV�~YV���x��IfNg6O��UVYP;g�VWR��-M�];b;M�h¤]���~Y]SR���ReOQ]����eMQZeV�gNc�];gah¤VYR
P;�3�UMQg¤]��a�NZUP_�/VYT�]\�UMsh�`dx�]XRUV�TX�N~YM�ï�]�faReRUVY];g : i¡·=PSZUT�];~�VYzQMsh,qN];R ∫

dtg(t) = 1.
p

vN: � : � Ä"�9�6Åu�*¾¡¼8»/½�¾M�6¼¯É ­ h/Mr�?]�VY~�Msh�bdgNP\[�~YM�h/cSM�P��4�UKNM�RUO�]\�U�UMQZeVYgNc�KNVWR��UP;ZexXZUMs�wfNV�ZeM�R¯fNg/ëh/M�ZeR��e];gah/VYgNc �NZUMsOrVWR�M�~�x�KaP\[Ì]�g6h�[�KNM�g¥�UKNM�M�~�MsO��UZeP;g6R ];gah��NZUP;�UPSgaR{OrPST�`NVYgNM�h��UP �IPSZUT
Kdx/h/ZeP;c;M�g : JLKaVYR�PdO�OrfNZeZeM�h ZUPSfNc;Ka~�x�]��§]�ZeM�hNRUKNV��3��P��

z ∼ 1100,
[�KNMQg��eKNM{�eMQTX�6M�Ze]��UfNZeM

P;�F�eKNM�fNgNVY^;M�ZeRUM{[L];R=];`6PSf/��]��UKNVYZ?h¤P���]�g
eV
: i Ê�: M : q6RUP;TXMQ[�K6]\�=~YM�ReRL�UKa];g¤�UKNM�M�~�MsO��eZUPSg

`NVYgah/VYgNcXMQgaMQZec;x : p
­ �LM�]�Ze~Yx��eV�TXMsRQq/[�KNM�g�M�gNMQZec;MQ�UVWO=�NKNP;�UPSgaR�[nMQZeM��a~�M�gS�eV��Ifa~Øq/V��eRL]�cSPdPdh�]��N�NZeP_�/V�T�]��UVYP;g�ePX]SRURUfNTXM �UKNM{ZeM�]SO��eV�PSg

e+ p←→ H + γ[L];R{VYg��UKaMQZeTX];~�Ms�SfaV�~YV�`aZUVYfNT :�Ê g��UKNVWR�OQ];RUM;qF�UKaM�O?KNMQTXVWOQ];~��-P��UM�gw�UVW]�~WR{�IP;Z��UKNM�^_];ZUVYP;f6R
RU�6MsOrVYM�RL`a];~Y];gaOrMSqNR�P��eKa]\�

µH = µe + µp.
k¯PST�`NVYgNVYgNc��UKNVWR�[�V��UK �UKNM{MQ�/�NZUMsRURUVYP;g��IPSZL�UKNM

Ms�SfaV�~YV�`aZUVYfNT�h/M�gaRUV���x�P��FgaP;g/ëìZUM�~Y]��UVY^dVYR��UVWO§RU�-M�OrVYM�R�qN[nM{OQ]�g¤h/M�ZUVY^;M �UKaM � ]�Ka]�M��wfa]��UVYP;g�Î

1− xe

x2
e

=
4
√

2ζ(3)√
π

η

(
T

me

)3/2

eB/T .

ü MQZeM
xe = ne/nb

VYR��UKNM��IZ?];Or�UVYP;g©P����IZeMQM1M�~�MsO��eZUPSgaRQq¯�UKaM�Kdx/h/ZUPSc;M�gÍ`NVYgah/VYgNcjM�gNMQZec;x
B = 13.6 eV, η = nb/nγ

]�gahXVWR�OQP;gaR��UZ?]�VYgNM�h�`dx�`aV�c�`6]�gNc{gdfaOQ~�M�PSRUxwgw�eKNM�RUVYR�q;];gah
ζ(3) =

1.20206.
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´�^SMQgw�Ufa];~�~Yx��UKNM�hNMQgaRUV���x�P���MQgaMQZec;Mr�eVYOX�aKNP��eP;gaR�hNM�OrZeM�]SR�MsR{]�gah��eKNM�c;ZeP;fagah�R��?]\�UM�P��

Kdx/h/ZeP;c;M�g��¡]�~Y~YR¯P;f/�nP���Ms�SfaV�~YV�`aZUVYfNT : ­ gdx�OQP;T�`NV�g6]\�UVYP;g�V�gw�UP��UKNM c;ZeP;fNg6h�R��e]��UM§�NZUP/h/f6OrM�R]��NKNP��eP;g�[�KNVYO?K�Mr�NOrV��UMsR§�UKNM�gNMr�d�{c;ZeP;fagah1R��e]\�eM�V��{R�M�M�R�q,~�Ms];h/VYgNc��eP�gaP�gNMQ��O?K6]�gNcSM�VYg
�eKNMn�IZe]SO��UVYP;g�P��6�IZUM�M�MQ~YM�Or�UZeP;gaR :Fü P\[¯M�^;MQZsq_c;ZeP;fNg6h�R��e]\�eM�KdxdhNZUPSc;MQg�OQ]�gXR��UVY~�~N`-M��NZeP/h/faOrMsh
^dVW]��eZe];gaRUV��eV�PSgaR¯�UKNZeP;fNcSK��eKNM{KNVYc;KNM�Z�Mr�NOrV��UMsh�R��e]��UMsRLP��*Kwx/h/ZeP;cSMQg :
JFP��IP;~Y~�P\[¢�UKNM�ZeM�OQP;T�`aV�ga]��UVYP;g��NZUP/OQM�ReR*V�g�h/MQ�e]�VY~lq�[¯M�T�faR���b;MQM����eZe]SO?b{P��CgNP���PSgN~Yx{�UKNM

gdfNT�`6M�Z¯P;��c;ZeP;fNgah�R��e]��UM�]\�eP;T�RQqw`Nf/��]�~WRUP{�UKNM gdfNT�`-MQZnP��4]��UPSTXR¯VYg�M�]SO?K�Mr�NOrV��UMsh�R��e]��UM :
� f6O?K¥]¤OQ];~YOQfN~W]\�UVYP;g�VYR�gaP\[�V�g��NZeVYgaOrVY�N~YM�T�];ga]�cSM�]�`a~�M i3�IP;Z�]�îagaV��eM�gwfaT�`-MQZ�P��nMr�NOrV��UMsh
~YMQ^SMQ~WReprq�`Nf/��V���VYR�OQP;TX�N~YMr� :©ü P\[nMQ^;M�Z�q�T�faO?K©OQ];g¢`-M�~�Ms]�ZegNM�hj�IZUPSTû]¥^;MQZexj];O�OrfNZ?]\�eM
];�N�NZeP_�dVYT�]\�eV�PSg�VYgw�UZePdhNfaOrMsh�`dx y*MQMQ`a~�MsRQq6[�KNVYO?K�TXP/h/M�~YRL�eKNM�Kdx/h/ZeP;cSMQg¤]\�UPST�]SR=Ka]_^dVYgNc
M=.-MsO��UVY^;M�~�x���[¯P�R��?]\�UMsR : JLKNVWR=VWR=�-PSReRUV�`N~YM�`-M�O�]�faRUM��UKNM�KNVYc;KNM�Z=Mr�NOrV��UMsh�R��?]\�eM�R=ZeMQT�];V�g¤VYg
Ms�SfaV�~YV�`aZUVYfNT�~�PSgNc;M�Z*�UKa];g��UKNM�c;ZeP;fNgahXR��e]��UM;qd]�g6hX[�KNV�~YM=VYg�M��wfNVY~�VY`NZeV�faT��eKNMQVYZ�P/OQOQfN�a];gaOrx
Z?]\�eV�PwR¯];ZUM�]�îa�dMsh��IfagaO��eV�PSg�P;�4�UKaM§�eMQTX�-MQZ?]\�UfaZUM : JLKaM MQ�NOrV��UM�h R��e]\�eM�R�q/[�KNVY~�M ZUM�T�]�VYgNV�gac
VYg��eKNMQZeT�]�~,Ms�SfaV�~YV�`aZUVYfNT¤qN];Or��];RL]XOrP;g6h/fNV����IP;Zn�IZUM�M�MQ~YM�O��eZUPSgaRn�UPXTXP\^;M VYgS�eP��UKNM{cSZUPSfNgah
R��e]��UM :
JLKNM�ZUM�]�ZeM���[nP��NZeV�g6OrVY�N~�M�ZUPSf/�UMsR=�eP��aZUP/h/faOQV�gac��UKNM�c;ZeP;fagah1R��e]\�eM�M�~�MsO��UZeP;g6R : µ�VYZeM�O��

h/MsOQ]_x��IZeP;T°�eKNM���R8�eP �UKNM 9 R8R��e]��UM��NZeP/h/faOQM�R*]���xdT�]�g
α
�NKNP;�UP;g�[�KNVWO?K�MQ�NOrV��UM�R�];gNP��eKNMQZ

]��UP;T :*ü P\[nMQ^SMQZsq�V��C�eKNM��NKaP��UPSgX�NZUP/h/f6OrM�hXVWR�ZeM�haR�KNV��3�UMshXP;f/�nP��C�UKaM]��xdT�]�g
α
ZUMsR�PSga]�gaOQM

`dx �UKNMLOrPwR�TXVWO�MQ�d�6]�gaRUV�PSg{`6MQ�IP;ZeM�V��8KaV��?R8];gNP��eKNMQZ8c;ZeP;fagah{R��?]\�eMn]��UP;T¤qs�UKaMQg�]§gNMQ�8cSZUPSfNgah
R��e]��UMn[�V�~Y~N`-Mn�aZUP/h/faOQM�h : ­ ~��UM�ZUg6]\�UVY^;M�~�xSq\V��-�UKaM��;R�R��?]\�eMLhNM�OQ]_x/RF[�V��eK���[¯P �NKNP;�UP;g6R*Ze]��UKNM�Z�eKa]�g�]�RUV�gac;~YM{�NKNP��eP;g�qagNMQV��UKNM�Z�P;�8�eKNM��NKaP��UPSgaR�[�VY~�~F`6M�]�`N~YM��UP�MQ�/OQV��eM�]�gaP��UKaMQZ=cSZUPSfNgah
R��e]��UM :
² PS~�~YP\[�VYgNc�MQ^;M�gË�UKNVWR�RUV�TX�N~YM�]��a�NZUP_�/VYT�]\�UVYP;gÍZUMs�wfNV�ZeM�RXM�^;PS~�^dVYgNc¥]�R��UV/.�hNVm.CMQZeMQgw�UVW]�~

Ms�Sf6]\�UVYP;g : JLKNM�`6];RUVYO�ZUMsR�fa~���VYR§�eKa]\���UKaMQZeM�ZeMQT�]�VYgaR�] R�T�]�~Y~8�IZe]SO��eV�PSg1P����IZeMQMXM�~�MsO��UZeP;g6R
�eKa]\��VWRL�IZUPSzQM�g�VYg�]\�=]�~�M�^;MQ~,P;�

10−3 − 10−4.Ê �eR8]�~WRUP�[¯PSZ��eK gaP��UVYgNc��eKa]\�4�UKNM��UMQTX�-MQZ?]\�efNZUM�P��d�UKNM�MQ~YM�O��eZUPSgaR�q�[�KNVY~YM�V�gaV��eVY];~�~Yx{OrP;fa�N~�Msh
�eP��eKNM��NKNP��eP;g��UM�T��-MQZ?]\�efNZeM;qdMQ^SMQgw�Ufa];~�~Yx�`-MQc;VYgaRn�eP�h/ZeP;���¡];R��UM�ZL]��3�UM�Z�M��wfNVY~�VY`NZeV�fNT�MQgahNR
(z < 400).

|}KNV�~YM{�eKNM{�NKNP;�UP;g �eMQTX�6M�Ze]��UfNZeM�h/ZeP;�aRLVYgd^;M�ZeRUMQ~Yx�[�V��eK¤�UKNM�RUO�]�~YM§�¡]SO��eP;Zsq/V��?R
�eKNM�^SMQ~YP/OrV���x�P;���UKNM�MQ~YM�Or�UZeP;gaR�[�KNVWO?K�h/ZeP;�aR ];R��UKaM�VYgd^;MQZ?RUM�RUO�]�~YM{�¡];Or�UPSZ : JLKNM�MQ~YM�O��eZUPSg
�eMQTX�6M�Ze]��UfNZeM�VYRL�aZUPS�6PSZ��eV�PSga]�~-�UP��eKNM{MQgNM�ZUcSx;q/PSZ¯�eKNM{^;M�~�P/OQV���x�Re�wfa]�ZeM�h :
� M�M�]�~WR�P�y*MQMQ`a~�MsR�i 9st;t;� p�RUM�Or�UVYP;gaR u V�� �N:�� Ms]�cSMQZsq � ];ReR�M�~�P\^�];gah � OrP��U��i 9st;t;t p :

vN: �a: � ÄNR?¾#�-¼F¾ML;»/½s¾#�-¼�É |�M�`-MQ~YV�M�^;M��UKaM�MQ~YM�O��eZUPSgaR�]�gah¥�NZeP��eP;gaR�OQP;T�`aV�gNMsh1�eP �IP;ZeTíKdxSë
h/ZeP;cSMQg�]\��]¤ZeM�hNRUKNV��3��P��

zrec ∼ 1100.
ü P\[¯M�^;M�Z�q,�eKNMQZeM�VWR{c;PdP/h¥MQ^dVYhNMQgaOQMX�UKa]����UKNVWR�VWR

gNP�~YP;gac;MQZ=�UKNM�OQ];RUM��UP/hN]_x : |�M�ZUM{�eKNMQZeM�~W]�Zec;M{]�TXPSfNgw�eR=P;��gNMQf/�eZe];~4Kdx/h/ZeP;c;M�g�q/V��§[nP;fN~Wh
`-M�P;`6R�M�ZU^SM�h¥V�gj�UKNM R��-M�Or�UZ?]�P���KNVYc;KjZeM�haR�KNV��3���wfa]SRU];ZeR{`dx���xdT�]�g

α
]�`aRUP;Ze�/�eV�PSg©iI�UKNM

ï fNgag/ëly*MQ�UMQZ?RUP;g�M=.-MsO�� : p � �efah/VYM�RLP;�*�wfa]SRU];ZeRnR�KaP\[¸TXPSR��LP;�4�eKNM{fNgNVY^;M�ZeRUM§[L];RnZeMQVYP;gNVYzQMsh
`dx

zrei > 5,
Mr�NOQMQ�/���IPSZ�Or~YP;f6hNR{P��LcS]SR�h/M�gaR�M�M�gNP;fac;K¥�UP�`-M�RUMQ~���RUKNVYMQ~Wh/M�h}iM��xdT�]�g

αOQ~�PSfahNR : p�JLKNMQZeM§];ZUM��eMQgw�e]��UVY^;M=PS`aRUMQZe^_]��UVYP;gaR�P��,�UKaM ï fNgNgNëly*Mr�eMQZ?R�PSg�M>.CM�Or�nVYg��wfa];Re]�Z?R�]��
z ' 6,

[�KNVWO?K�VYgah/VWOQ]��UMsR�[¯M�T�]_x�`-M�R�M�MQVYgNc��UKNM��?]�VY~�MQgah P;�FZeMQVYP;gNVYz�]��UVYP;g :
¬ M�V�PSgNV�zs]\�eV�PSg1TXPSR�� �NZeP;`6]�`N~Yx¤PdO�OrfNZeZeM�h�[�KNM�g1�eKNM�îaZeR��§cSMQgNM�Ze]��UVYP;g1P;�¯R��e]�Z?R��IP;ZeT�Msh

];gah��NZeP/h/faOrMsh�]{~W]�Zec;M�®6f/��P���VYP;gNVYzQVYgNc�Z?];hNVY]��UVYP;g1i
Eγ > 13.6

MvW : p�y�ZeM�OQVYRUMQ~YxX[�KNMQg��UKNVWR
P/OQOQfNZeZUMsh{h/MQ�-MQgahaRFPSg�KNP\[�T�faO?K�RUT�]�~Y~dReOQ];~�M¯�6P\[nMQZ4�UKNM�ZUMnVWR :FÊ g���xd�NVWOQ]�~Nknµ m�OrPwR�TXPS~�P;ë
cSV�MsRQqNZeMQVYP;gaV�zs]\�UVYP;g VWR�gNP��=MQ�/�6MsO��UMsh �UP�Ka];�N�-MQg�fNgw�UVY~F]XZeM�haR�KNV��3��P;�

zrei < 20.
ü P\[nMQ^;M�Z�q

V���TXV�cSKS��K6]��N�-MQg�T�faO?K�Ms]�Ze~�VYMQZ�V��C�UKNM�VYgNV��UVW]�~N�-MQZU�UfaZU`a]��UVYP;gaR�[¯M�ZUMLgNPSg/ë ï�];faReR�VW]�g�P;Z�[nMQZeM
VWR�P/OQfNZU^\]��UfNZeM§VYg¤ga]\�efNZeM :
¬ M�V�PSgNV�zs]\�eV�PSg VWR§V�TX�-P;ZU�e]�gw���IPSZ=�UKaM�knm1o¦`6MsOQ]�f6R�M�V���V���Ka]��a�6M�gaR=Ms]�Ze~�x�MQgNPSfNc;K�qa�UKNM

�NKaP��UPSgaR�knm1o©�NKNP;�UP;g6RnO�]�g�`6M ZUMsRUO�]\�U�UMQZeM�h�qw[�KaVYO?K�[¯PSfN~Yh�MQZ?];RUM�[�Ka]��UMQ^SMQZnV�gaV��eVY];~C®afaO�ë
�efa]\�eV�PSgaRL�NZeMQ^dV�PSfaRU~�x�MQ�/VYR��UMsh ];gah¤OrZeM�]��UM�gNMQ[�P;gaM�R : J4P�M�^_];~�f6]\�UM�[�KNMQ�UKNM�Z=ZeMQVYP;gNVYz�]��UVYP;g
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VWRLV�TX�-P;ZU�e];gS�sq/[¯M{T�faR��L~YPdP;b�]��L�UKNM{PS�/�UVWOQ];~�h/MQ�/�eK

κ =

∫ t0

trei

σTnecdt =
0.88cσTH0ΩB

4πGmp
Ω−2

[
(2− 3Ω)− (2− 3Ω− Ωzrei)(1 + Ωzrei)

1

2

]
,

[�KNVWO?K�VWRLZeMQ~W]\�UMsh��eP��eKNM��NZeP;`a];`NV�~YV���xX�UKa]���]��NKNP;�UPSg�VWRLZUMsRUO�]\�U�UMQZeM�h :FÊ �
κ > 1,

�eKNMQg V��=VYR
�wfNV��UM�~�VYb;M�~�x �UK6]\���NKNP��eP;gaR§[�VY~�~*RUO�]\�U�UMQZ P�.�P����UKNM�V�PSgNVYzQM�h1T�Msh/VYfNT : JLKaVYR§[�V�~Y~�h/MQ�-MQg6h
PSg��eKNM�`a]�Zex;PSg�h/M�gaRUV���xSq4`Nf/��V��L�UKNM�V���VWR{OrP;g6R�VWR��eMQgw��[�V��UK�gdfaOr~YMQPwR�xdgw�UKNMsR�VWR�OrPSgaR��eZe];V�gw�?R
i
Ωb ∼ 0.05),

ZeMQVYP;gNVYz�]��UVYP;g¥[¯PSfN~Yh�Ka]_^SM��eP�P/OQOrfaZ�]\��]¤ZeM�hNRUKNV��3��P��
zrei ∼ 60

VYg�P;Z?h/MQZ
�eP�K6]_^;M�]�RUVYc;gNV�î6OQ];gw�nVYTX�a];Or�=P;g��UKNM�knm1o : ­ RUV�cSgNV�î6OQ];gS�LP;�N�UVWOQ]�~�hNMQ�/�eK [�VY~Y~�R�fN�a�NZUMsRURR��UZefaO��efNZeM¯PSg�ReOQ]�~YM�R*RUT�]�~Y~�M�ZF�eKa]�g

θ ∼ 2◦(1000/zrei)
1/2 ]�g6h�[�VY~�~N];~YRUP§OQZUMs]\�eM¯~W]�Zec;MnRUO�]�~YM�-P;~W]�ZeV�zs]\�eV�PSg :

² PSZ���xd�NVWOQ];~4knµ§m T�P/h/M�~YRn[�KNM�ZUM§ZUM�V�PSgNVYz�]\�eV�PSg��e];b;MsR��N~W];OQM§]��
zrei ∼ 10,

�UKNM P;�/�eVYO�]�~
h/M��/�UK©VWR�P;� PSZeh/M�Z�]��IMQ[ �6M�ZeOQMQgw� : JLKNVYR��UM�gahNRX�eP�c;VY^;M�]�R�fa�N�NZeM�ReR�VYP;gÍ�UP��eKNM�RUTX];~�~
ReOQ];~�M�];gNVWR�P;�UZeP;�NVYM�R : JLKNM�ZUMsOrM�gS�§|¸m ­ y��6PS~Y];ZUVYz�]��UVYP;g�ZeM�RUfN~��eR§V�TX�N~Yx κ = 0.17± 0.04,RUfNc;cSM�R��UVYgNc=�eKa]\��ZeMQVYP;gNVYz�]��UVYP;g�T�VYc;Kw��Ka]_^SM¯P/OQOQfNZeZUMsh�MQ^SMQg�M�]�Ze~YV�M�Z�q�]���]§ZeM�hNRUKNV��3�*P;�

zrei =
20± 10.² V�g6]�~Y~�xSqL];gNP��eKNMQZ��-P��eMQgw�UVW]�~Y~Yx¢VYT��-P;ZU�e];gw��VYReR�faM�VYR�KaP\[��wfNVWO?bw~Yx¢ZeMQVYP;gaV�zs]\�UVYP;g¢�e];b;M�R
�N~W];OQM :{Ê ��V��{VYR gNP;� VYgaR��e];gS�?]�gNM�P;faR�qC`Nf/��VYR�ª �a]\�?O?Kdx « qC�UKaMQg1�eKNVWR{OQ]�g�]�~WR�P�ZUMsR�fN~���V�g��UMQT�ë
�-MQZ?]\�efNZUM�]�gaVYRUP��eZUPS�NV�MsRn`6M�V�gNc�OQZUMs]\�eM�h :

ua:a` B�'"'SHb��HIBF>���'�d�B�'�@�f�g]�4>�>jþ�i4E��d@,HIBF>
ua:�9S: � Èc�6½QÇ��aÆ*¾#��Èc�;»/½�½�ÄwÇ\¾¡¼8Á4É ·=P\[��UKa]���[nM�fNgah/M�ZeR��e];gah1[�KNM�g¥ReOQ]����eMQZeV�gNc VWR§~YVYb;MQ~Yx��eP
P/OQOQfNZsqN[¯M�OQ]�g¤�eZUx��UP�VYgw�UZeP/h/faOrM�V���VYgw�UP�onPS~��ezQT�]�gNg�Ms�wfa]\�eV�PSg��eP�îagah�]XT�PSZUM{ZeM�];~�VWR��UVWO
M�^;P;~Yf/�eV�PSg�P;�¯�eKNM�h/VWR��eZUVY`Nf/�eV�PSg��IfagaO��eV�PSg :�ü MQZeM�[nM�[�VY~�~�MQ�N]�TXV�gaM�VYRUP��eZUPS�NVYOXReOQ]����UM�ZUVYgNc6q
];gah�VYg��UKNM�gNMQ�d��RUM�Or�UVYP;g�TXP\^;MLP;g��UP�ZeM�]�~YVWR��eVYOnJLKNP;T�RUP;gXRUO�]\�U�UMQZeVYgNc��?]�bdVYgNc§VYgw�UP{];O�OrPSfNgw�
�-PSReR�VY`N~YM§�-P;~W]�ZeVYz�]\�eV�PSg�P;�4�UKaM�knm�o : |¥M{[�VY~�~�RUMQM �UK6]\�L�UKNM{T�];V�g V�TX�N~YVWOQ]\�eV�PSg�P;�8]�TXP;ZeM
ZeM�];~�VWR��eVYO ReOQ]\�U�UM�ZUVYgNcXKNVWR��eP;Zex�VYRL�eP�hN]�TX� �UKNM�RUT�]�~Y~�M�Z�RUO�]�~YM TXP/h/MsR :
JLKNMXM>.CM�Or��P��LRUO�]\���eMQZeV�gac�VWR �UP¤~�P/O�]�~Y~�x�ZeM�h/VWR��UZeV�`NfN�UMX�a]�ZU�UVWOr~YM�R VYg��aKa];RUM�R��a]SOrM :�Ê g�]

cSV�^SMQg¤MQ~YMQTXMQgw�=P;�*TXPST�M�gw�UfNT R��6];OrMSq6RUP;TXM{�a];Z��eVYOQ~�MsR=]�ZeM�RUO�]\�U�UMQZeM�h PSf/�=P���V���q-[�KNV�~YM�]��
�eKNM�Re]�TXM{�eV�TXM��a]�ZU�UVWOr~YM�R�[�V��eK1P��eKNMQZ§T�PSTXMQgw�e]�]�ZeM�RUO�]\���eMQZeM�h�VYgw�UP�V�� : onP��UK��NZUP/OQM�ReR�MsR
Ka];�N�-MQg�[�V��UK¥]�Z?]\�eM��NZeP;�-P;ZU�UVYP;g6]�~��eP��eKNM��NZUPS`a]�`aV�~YV���x¤P;�¯RUO�]\�U�UMQZeVYgNc : JLKNMXonP;~��UzQT�];gNg
Ms�Sf6]\�UVYP;g `-M�OrPSTXM�R

df

dτ
=
dκ

dτ
(fin − f) ,

[�KNM�ZUM
fin = 1

4π

∫
dΩP (Ω,Ω′)f(Ω′)

VWR��UKaM gdfNT�`6M�Z�P�� �a]�ZU�UVWOr~YM�R�ReOQ]����UM�ZUMshjVYgw�UP¥�UKNM
�NK6];RUM�R��a]SOrM�P;�

f,
]�gah

P (Ω,Ω′)
ZeMQ�NZeM�RUMQgw�?R,]��6PwRURUVY`N~�M�];gNc;fa~Y];Z4h/MQ�-MQg6h/MQgw�FOQZUPwRUR�RUM�Or�UVYP;g :

JLKNM�~W];R��L�UMQZeT�ZeMQ�aZUMsR�M�gS�?R¯�UKNM�ReOQ]����UM�ZUVYgNc�P;f/�=P;�4�eKNM{�NKa]SR�M{RU�a];OQM P;�
f.Ê g �UM�ZUT�RLP��8�UKaM{�NKNP��eP;g `NZeV�cSKS�egNM�ReR¯�IfNgaOr�UVYP;g�q6[¯M îagah��eKNM�onP;~��UzQT�];gNg�Ms�wfa]\�eV�PSg�VWR

∆̇ + ikµ∆ + 2ḣij n̂in̂j = σTnea (δγ + 4µvb −∆)

ü MQZeM��eKNM �IP;ZeT¶P����eKNM{VYgaOrPST�VYgNc�Ze]Sh/VW]\�UVYP;g�];ReR�fNTXMsR��eKa]\�=ReOQ]����UM�ZUVYgNc�VYRLVWRUP��UZeP;�aVYO�V�g��UKNM
ZeM�R����IZe];TXM{P��*�UKNM�RUO�]\���eMQZeMQZ : ­ �§M�]�Ze~Yx��UVYTXM�R�q σTnea

VYR�~Y];ZUcSM{]�gah�ReOQ]\�U�UM�ZUVYgNcXîN�/M�R��UKNM
�NKaP��UPSg�]�gah�`6]�Zex;P;g�^SMQ~YPdOQV��eV�MsRC�UP�`6M��UKNMnRU];T�M : ·=Ms]�ZeMQZ,�eP§h/MsOrPSfN�N~YV�gNc6q�[nM�O�]�g�RUP;~Y^;M*�UKaVYR
`dx�MQ�/�a]�gahNV�gNc�VYg��6P\[nMQZ?R*P��-�UKaM=TXM�]�g��IZeMQM=ReOQ]����UM�ZUVYgNc �UVYTXM : ³§gaOQML�UKNM=TXMs]�g�RUO�]\�U�UMQZeVYgNc
�eV�TXM{c;ZeP\[=R��UP�`-M{^;MQZex�~W]�Zec;M;qd[nM{OQ]�g¤faRUM �UKNM�OQP;~Y~�VWRUV�PSgN~�MsRURLonP;~��Uz�T�]�gNg M��wfa]��UVYP;g :



à�á âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é
ua: � : � ¾#P#� & »NÅ�Æ*¾¡¼8Á4É J;faR����NZeV�PSZX�UP�ZUMsOrPST�`NVYga]\�eV�PSg�q��eKNM��NKNP;�UP;g6R�]�gahÍ`a]�Zex;PSgaR�]�ZeM
gNP;���-MQZU�IM�Or�U~Yx¸OrP;fa�N~�Msh :�Ê g¸�¡];Or��q��UKNM¥�NKNP;�UP;g6R�cSMQgNM�Ze];~�~YxËO�]�g}�eZe]_^SMQ~ R�PST�M¥h/VWR��?]�gaOQM
`-Mr��[nMQM�g�ReOQ]����eMQZeV�gNcwR �IZUPST�M�~�MsO��eZUPSgaR : W�MQZex�ZeP;fNcSKN~Yx;q��eKNMQVYZ�TXM�];g��IZUM�M��a]\�eK�~�M�gNc��eK�VYR
λc = (σTnbxe)

−1,
[�KNMQZeM

xe
VWR��UKaM��IZe]SO��eV�PSg�P;�¯�IZeMQM�M�~�MsO��UZeP;g6R�]�gah

nb
VWR{�eKNM�`a];ZUxSP;g

h/M�gaRUV���x : JLKaVYR�TXMs]�g��IZUM�M �6]\�UK¤Ka]SRn��[¯PXVYTX�N~�VWOQ]��UVYP;gaRn�IPSZL�UKNM�knm�o ]�gaVYRUP��eZUPS�NV�MsR :
² V�Z?R���q§�UKNVWR¤]�~Y~�P\[=R��UKNM��NKNP;�UPSgaR��ePËhNVm.CfaRUM¥PSf/�¤P����eKNM��-P��eMQgw�UVW]�~�[nMQ~Y~YR��UKaMQx¸Ka]Sh

`-MQM�gÍ�eZe];�N�-M�hÍV�g�q�O�]�faRUV�gac��eKNM��6M�Z��efNZe`a]\�eV�PSgaR��UP�`-M�OrPSTXM�Mr�/�6PSgNMQgw�eVY];~�~Yx¢hN];T��-M�h©]��
RUT�]�~Y~=RUO�]�~YM�R : ­ ��ZeM�OQP;T�`NV�g6]\�UVYP;g4q�M�]SO?K¢�NKaP��UPSg©Ka];RXKa]ShÍ]�gdfNT�`6M�Z�P���V�gw�eMQZ?];O��eV�PSgaR�qcSV�^SMQg�`dx

N ∼ cτrec/λc.
JLKNM��aKNP��eP;g�h/Vm.CfaRUV�PSg�~�M�gNc��eK¥VWR �UKdfaR�]��N�NZeP_�/V�T�]��UMQ~Yx

λD ∼√
Nλc =

√
cτrecλc.

JLKNVWRn~�Ms];hNR¯�UP�]�hN]�TX�NVYgNc�P��F�UKNM{RUKNP;ZU�UM�Z¯[L]_^;M�~�M�gNc��eK��6P\[nMQZnc;VY^;M�g
`dx

T (k) ' e−k2/k2

D .
JLKNVYRLVWR�bdgNP\[�g ];R�h/V/.-f6R�VYP;g�hN];T��aV�gNc6q/P;Z � VY~Yb�hN];T��aV�gNc :

­ TXP;ZeM�MQ�/]SO��=ZeM�RUfN~����IP;~Y~�P\[=RL�IZeP;T�Mr�/�a];gah/VYgNcX�UKaM�OrPS~�~YVYRUVYP;ga];~4onP;~��UzQT�];gNg¤M��wfa]\�eV�PSg�eP¤RUM�OQP;gah�P;Z?h/M�Z�];gah�R�PS~�^dVYgNc��IP;Z{KNP\[��UKNM�h/M�gaRUV���x1M�^;PS~�^SM�R V�g¥�eV�TXM : i � MQM�´��¡R��?]\�UKaV�PSf
i 9�t;tS� p�P;Z�y*MQM�`N~YM�R{i 9stNYS� p��IP;Z�TXP;ZeM{h/Mr�?]�VY~YR : p
ua: �a: � Ã8¾#�c��¼8ÄdÈ�Èu�6¿�½�Ã8Ä&PØ»NÈ�½1È��S»/½Q½sÄSÇ\¾Ø¼FÁ¦È�ºFÇ\¿l»��;Ä-É JLKNM�R�MsOrPSgah¥M>.CM�O���P��L�UKNM�gNP;g/ë
gNM�c;~YV�cSV�`a~�M��NKaP��UPSg{TXM�]�g��IZUM�M��a]\�eK{VYR4�UK6]\���eKNM�ZeM�OQP;T�`aV�ga]��UVYP;g�VWR�gNP;�FVYgaR��?]�gw�e];gNMQPSfaR�qs];gah
�eKNM�~�VYc;Kw��[nM=R�M�M�P;ZeV�cSV�g6]\�UMsh{�IZeP;T�]�Ze];gNc;MLP��CZeM�hNRUKNV��3�eR=i

∆z ' 80.
p*JLKNVWR�[�VY~�~-]�~WR�P{RUT�Ms]�Z

�eKNM=R�T�];~�~aReOQ];~�MLTXVWOrZeP\[n]_^SM¯]�gaVYRUP��eZUPS�NV�MsR :FÊ �-[nM=];ReRUfNTXML�UKNML�eV�TXM=P;�-~W];R���RUO�]\�U�UMQZeVYgNc�[n]SR
ï�];faRURUVW]�gN~Yx�h/VWR��eZUVY`Nf/�eM�h,qF[�V��eKj]�R��?]�gaha]�Z?h�h/M�^dVY]��UVYP;g¥c;VY^;MQg¥`dx

στrec,
�eKNMQg¥�eKNM�RUTX];~�~

ReOQ];~�M�];gNVWR�P;�UZeP;�NVYM�R�[�V�~Y~6`-M�R�fN�a�NZUMsRURUM�hX`dx
T (k) ∼ e−k2σ2τ2

recc2/2.
J¯xw�aVYO�]�~Y~�xSq;�eKNM§[�VWhd�eK

VWR
σ ∼ 0.03.

�d:=ý§B�'9�4A,Hbf��d@,HIB4>
�/:�9S: � Ç_¾ØÁ6¾Ø¼U�-¿ 
���! Æ���PØ»/Ç\¾#L;»N½�¾#�-¼¯É y*P;~W]�ZeVYz�]\�eV�PSg�]�ZeVYRUM�R��IZUPST�JLKNPST�R�PSg�RUO�]\�U�UMQZeVYgNc
PN.�P��,MQ~YM�Or�UZeP;gaR*VYgX�UKaM=�NZeM�RUMQgaOQMnP;��]{�Sf6];h/ZefN�-P;~YM=]�gNVWR�P;�UZeP;�dx{VYgX�UKNM=VYgaOQVYh/M�gw��Ze]Sh/VW]\�UVYP;g :
JLKNM�Ze]Sh/VY]��UVYP;g��UKa]�� ];ZUVWR�MsRLVYR�~�VYgNMs]�Ze~�x��6PS~Y];ZUVYzQMsh,qagNP;�§OrVYZ?OrfN~W]�Zsqa]�g6h¤VYR=��xw�aVYO�]�~Y~�x v ë 9��"�
P;���UKNM�~YMQ^SMQ~-P��4�eKNM{]�gNVWRUP��UZeP;�aV�MsRQq;�UKNPSfNc;K�V��?RL�NZUMsOrVWR�M§~�M�^;M�~ChNMQ�-MQgahNRLPSg��eKNM �UKNVWO?bdgNM�ReRnP��
�eKNM{~Y]SR��=ReOQ]����UM�ZUVYgNcXR�faZ��¡]SOrM :
JLKNM¯V�gaOQVYhNMQgw�8�wfa]Sh/ZUfa�6PS~�Mn]�gNVWR�P;�UZeP;�dx=VWR4cSMQgNM�Ze];~�~Yx�h/fNM��eP=�eKNM�cSZe]Sh/V�M�gw�4P��d�UKaM¯�NKaP��UPSg

^SMQ~YPdOQV���x : JLKNM��-P\[¯M�Z§RU�6MsO��UZefNT P��¯�6PS~Y];ZUVYz�]��UVYP;g¤®afaOr�Ufa]��UVYP;gaR ]�~WRUP�ZUMQ®aM�Or�eR��UKNM�PSReOrVY~Y~Y]�ë
�eV�PSgaR�P��n�UKNM��aKNP��eP;g/ëì`a]�Zex;PSg�®afNVWh :�ü P\[¯M�^;M�Z�q,�-M�];bdR�VYg¥�UKNM��-P;~W]�ZeVYz�]\�eV�PSg�P/OQOQfNZ{[�KNM�g
�eKNM=^;M�~�P/OQV���x�[n]SR�T�]\�/VYT�fNT¤qd]�gah�];ZUML�eKdfaR�PSf/��P;���NKa];RUM=[�V��UK��eKNM§µ§P;�a�N~�M�Z��-M�];b�R��UZefaO�ë
�efNZUM�V�g¤�eKNM�]�gaVYRUP��eZUPS�wx�R��-M�Or�UZefNT : JLKNMQZeM{VYR�c;M�gNMQZ?]�~Y~�x�gNP��-P\[¯M�Z�P;g�TXP/h/M�R=�UKa]���[nMQZeM
PSf/�eRUVYhNM{�UKNM�KNP;ZeVYzQP;g�]��§~W];R��§RUO�]\�U�UMQZeVYgNcaqa�UKNPSfNc;K�~W]�Zec;M�ReOQ];~�M{�-P;~W]�ZeVYz�]\�eV�PSg�OQ]�g�ZUMsR�fN~���V��
ZeMQVYP;gNVYz�]��UVYP;g�PdO�OrfNZeZeM�h�RUf/¨�OrVYMQgw�e~�x�M�]�Ze~Yx :
y*P;~W]�ZeV�zs]\�eV�PSg�O�]�g��NZeP\^dVYhNM�V�gahNMQ�-MQgah/M�gw��OrPSg/îaZeT�]\�UVYP;g�P;���UKNM ]�gNVWR�P;�UZeP;�dx1TXM�]SR�faZUMQë

TXMQgw�?R�]�gahX];~YRUP{P�.CMQZ�]�[L]_x{�IPSZ�`NZeM�]�bdVYgNc��a]�Z?]�TXMQ�UMQZ�hNMQc;M�gNMQZ?];OQV�MsR8�UKa]���P/OQOrfaZ�[�V��eKX�UKNM
];gNVYRUP��eZUPS�NVYM�Rn]�~YP;gNM :FÊ g �a]�ZU�UVWOrfa~Y];Z�qdV��LVWR��wfNV��UM�faRUMr�IfN~C�IPSZLOQP;gaR��UZ?]�VYgNVYgNc��UKNM�ZeMQVYP;gNVYz�]��UVYP;g
KNVWR��UP;Zex�P��8�UKaM{fNgNVY^;MQZ?RUM ];gah��IP;Z=h/MQ�UM�Or�UVYgNc��UKNM{�aZUMsR�M�gaOrM�P��8�UM�gaRUP;Zn®afaOr�Ufa]��UVYP;gaR :
Ê g�RUP;TXM=[L]_xdR�q�TXM�]SR�faZUVYgNc��UKaM=�6PS~Y];ZUVYz�]��UVYP;gXVWR�RUV�TX�N~YMQZ��eKa]�g�TXMs];RUfNZUVYgNc��eKNM=�eMQTX�6M�Z�ë

]��UfNZeM�]�gNVWRUP��UZeP;�aV�MsRL�UKNM�T�R�M�~�^SM�R�q6]\�§~�Ms];R��=�IZUPST��eKNM�cSZUPSfNgah : JLKNVWR=VWR=`-M�O�]�faRUM�TXM�]SR�faZUMQë
TXMQgw�?R O�]�g1`-MXT�];h/M�`wx¤î6gah/VYgNc��eKNMXh/Vm.CMQZeMQg6OrM�V�g���[¯P��6PS~Y];ZUVYz�]��UVYP;gaR§]\�{]�îN�/Msh1�-P;VYgS�
VYgj�eKNM�R�bdx : o¯xjRU[�V��eO?KNVYgNc��SfaVYO?bd~Yx�`6MQ��[¯M�MQgj��[nP¥�6PS~Y];ZUVYzQM�ZeR�q�]�gdx�OrPSgS�eZUVY`Nf/�eV�PSgj�IZeP;T
]��UTXPSRU�NKNM�ZUVWO�M=.-MsO��?R=OQ];g�`-M�OQ];gaOrM�~�Msh�PN.��NZeM�OrVWRUMQ~Yx :
­ gdfNT�`6M�Z�P���gNM�[	Mr�/�6M�ZUVYTXMQgw�eR�]�ZeM�gNP\[��eZUxdVYgNc¤�UP�R�Ms]�Z?O?K��IPSZ�knm1oÌ�6PS~Y];ZUVYz�]��UVYP;g];gah©��[nPjKa]_^;M�h/Mr�eM�O��eM�h}M�^dVYh/M�gaOrM��IP;Z V�� : JLKaM�µ ­ �dÊ VYgS�eMQZU�IMQZeP;TXMr�eMQZ ]\���eKNM � P;f/�eK�-P;~YM�h/Mr�eM�O��eM�h¥�-P;~W]�ZeV�zs]\�UVYP;g¥h/VYZUMsO��U~Yx�]��{RUfN`/ë h/M�c;ZeMQMXRUO�]�~YM�R :�Ê g�];hah/V��eV�PSg�q�|¸m ­ y°Ka];R



é,ã,æ6å
�{ã,é�æ��Cå1çaã����LèWç��LèWçaâaã������,å¤ä
�6ç����,âaã��CéCê à��
h/MQ�UMsO��UMsh¥�UKNM��UM�T��-MQZ?]\�efNZeMrëì�6PS~Y];ZUVYz�]��UVYP;g�OrZePSReR{OrP;ZeZeMQ~W]\�UVYP;g4q4�NZeV�T�];ZUVY~�x�P;g�~W]�Zec;M�ReOQ];~�MsR
];gah�f6R�Msh�V����UP�OQP;gaR��UZ?]�VYg��eKNM�RUO�]\�U�UMQZeVYgNcXP;�/�eVYO�]�~�h/M��/�UK :
�/: � : � ½����6ÄdÈ�Æ*»/Ç\»NÅjÄw½sÄSÇ\ÈSÉ �4Mr�¯f6R�gNP\[¸OQP;gaRUVWh/MQZ��eKNM �NKdxdRUVWOQR�P;���6PS~Y];ZUVYz�]��UVYP;gXVYg�TXP;ZeM
h/MQ�e];V�~ : k¯P;gaRUVWh/MQZ�Z?];h/VW]\�eV�PSg�P����IZeM��wfNM�gaOrx

ω
�eZe]_^SMQ~YV�gac�VYg1�UKaM

ẑ
h/VYZUMsO��UVYP;g :�Ê �eR MQ~YM�Or�UZeVYO

îaM�~Yh OQ];g¤`6M{[�ZeV��U�UM�g ]SR
Ex = ax cos(ωt− θx)
Ey = ay cos(ωt− θy).|¥M§O�]�g��a];Ze];T�MQ�UM�ZUVYzQML�eKNM§h/M�c;ZeMQM�P;���6PS~Y];ZUVYz�]��UVYP;gXV�g��UMQZeT�R�P;�C�IP;fNZ � �UPSb;M�R��a]�Z?]�TXMQ�UMQZ?R�Î
I =

〈
a2

x

〉
+

〈
a2

y

〉

Q =
〈
a2

x

〉
−

〈
a2

y

〉

U = 〈2axay cos(θx − θy)〉
V = 〈2axay sin(θx − θy)〉ü MQZeM;qw�UKNM�]_^;M�Ze];c;MsR�]�ZeM�P\^SMQZ��eV�TXMsR¯~YP;gac�OQP;TX�a]�ZeM�h��UP��UKNM �6M�ZUVYP/h�P;���UKNM [L]_^;M :

I
TXM�]\ë

RUfNZeM�R¯�UKNM �eP��e];~CV�gw�UM�gaRUV���xSq/[�KNV�~YM
Q
];gah

U
�a]�Z?]�TXMQ�UMQZeVYzQM=�eKNM{T�]�cSgNV��efah/M�]�gah h/VYZUMsO��eV�PSg

P;���UKaM�~�VYgNMs]�Z{�-P;~W]�ZeV�zs]\�UVYP;g :
V
TXMs];RUfNZUMsR �UKNM�~YMQ^SMQ~�P;�nOQV�Z?OrfN~W]�Z{�-P;~W]�ZeVYz�]\�eV�PSg�q�[�KNVWO?K�VYR

gNP;��faR�f6]�~Y~�x�MQ�NOrV��UM�h VYg �UKNM�knm1o OrP;gw�eMr�d� :
Ê ��[¯M�OrP;g6R�VWh/MQZ�ZUP;�e]\�eV�gac��eKNM�OQPwPSZehNV�ga]��UM�`a]SR�VWR{`dx�RUP;TXM�];gNc;~YM

φ,
�eKNM�TXM�]SR�fNZeM�R�P��

~YV�gaM�]�ZL�-P;~W]�ZeV�zs]\�eV�PSg��UZ?]�g6R��IPSZUT�]SR

Q′ = Q cos 2φ+ U sin 2φ
U ′ = U cos 2φ−Q sin 2φ.¬ P;�e]��UVYgNc�`dx

45◦
�e];b;MsR

Q → U
]�g6h

U → −Q, [�KNVY~�M�] ZUP;�e]��UVYP;g�P;� 180◦
ZUMQ�UfNZegaR �eP

�eKNM�RU];T�M�^\]�~YfNM�R : JLKNVWR�VWR§`-M�O�]�faRUM��UKNMX�-P;~W]�ZeV�zs]\�UVYP;g�VYR�ZeMQ�NZeM�RUMQgw�eM�h�`dx�V��eR{]�TX�N~YV��Ufah/M
];gah V��?R��N~W]�gaM{Ze]��UKNM�Z��UKa];g�`dx ];g�P;Z?h/V�g6]�Zex�^;MsO��UPSZ :L² PSZ��UKaVYR§ZUMs];RUP;g�q/�-P;~W]�ZeVYz�]\�eV�PSg¤VYR§]
RU�NVYg/ë ��îaM�~Yh¤]�g6h�V��=VWRLP��3�UM�g¤ZUM��NZUMsR�M�gw�UM�h�`dx�]

2× 2
RUxwTXTXMr�eZUVWO§�UZ?];OQMQ~YM�ReR¯T�]��UZeV��,Î

P̃ =

(
Q U
U −Q

)
.

�/: �a: � Ã8Ä Æ��QP¡»/Ç\¾#LSÄ*- ! �QPI½cL;Åj»a¼F¼jÄ*!,º8»/½�¾M�6¼¯É J4P��IP;~Y~�P\[©�eKNM OQZUMs]\�eV�PSg�]�gah�M�^;PS~�f/�eV�PSg
P;�-�-P;~W]�ZeV�zs]\�eV�PSg�®6faO��efa]\�eV�PSgaRQqS[¯M�T�faR���TXPdhNV��Ix��UKNM§o¯PS~��ezQT�]�gag�M��wfa]\�eV�PSgaR*�eP��IP;~Y~�P\[Í�UKNM
�-P;~W]�ZeV�zs]\�eV�PSg�h/M�c;ZeMQM�R*P;�6�IZeMQMsh/P;T�]�gahX];~YRUP�V�gaOQ~�f6h/ML�UKNM§]�gNVWR�P;�UZeP;�NVWOnga]\�efNZeMnP;�CJLKaP;T�R�PSg
ReOQ]����UM�ZUVYgNc : JLKNPST�R�PSg ReOQ]����UM�ZUVYgNc�Ka];Rn�eKNM�h/V/.-M�ZUM�gw�UVW]�~4OQZUPwRURLRUM�O��eV�PSg�cSV�^SMQg `dx;q

dσ

dΩ
=

3σT

8π
|ε′ · ε∗|2 ,

[�KNM�ZUM
ε
]�gah

ε′
]�ZeM��eKNM§�-P;~W]�ZeVYz�]\�eV�PSg�^;MsO��UPSZeR�P��,�eKNM§VYgaOQP;TXV�gac�]�g6h�P;fN�Uc;PSV�gac�Ze]Sh/VW]\�UVYP;g4q

ZeM�RU�6MsO��eV�^SMQ~Yx : ´�^SMQg�V����eKNM�VYgaOQP;TXV�gac�Ze]Sh/VW]\�UVYP;g�VWR§fNgN�-P;~W]�ZeV�z�M�h,q-Ze]Sh/VW]\�UVYP;g1ReOQ]����eMQZeM�h1]��
90◦

[�V�~Y~�`-M{~�Ms]_^;M�OrPST��a~�MQ�UMQ~Yx��-P;~W]�ZeVYzQM�h :
JLKNVWR�VWR�VYgaOr~Yfah/MshXV�g��UKNM�onPS~��ezQT�]�gNgXMs�Sf6]\�UVYP;g�`dx��UZeM�]\�eV�gac{�UKNM§h/VYR��UZeVY`Nf/�UVYP;gX�IfagaO��eV�PSg

]SR§]�^;M�Or�UPSZ�q-[�V��eK�Ms];O?K1M�~�M�T�M�gw� ZeMQ�NZeM�RUMQgw�eV�gNc�]�h/V/.CMQZeMQgw� � �eP;bSM�R§�a]�Z?]�TXMr�eMQZ : ² P;Z§�UKNM
O�];RUM¯P;�-ReOQ]�~W]�Z8®af6O��Uf6]\�UVYP;g6RQq�gaP

U
TXP/h/M�R�];ZUMnc;M�gNMQZ?]\�eM�h�]�gah��UKNM=hNVYR��UZeV�`af/�UVYP;g��IfNgaOr�UVYP;gaR

O�]�gj`-M¤ZUM��NZUMsR�M�gw�UM�hj`wx¥��[nP�`aZUVYc;Kw�UgaM�ReR��IfNg6O��UVYP;g6RQq
∆T

]�g6h
∆P .

JLKNM�]�gNVWR�P;�UZeP;�dx¥P��
JLKNPST�R�PSg¥ReOQ]����UM�ZUVYgNc1OQP;fN�N~YM�R{�UKNMsR�M�Ms�Sf6]\�UVYP;g6RQqF[�V��eK��UKNM��-P;~W]�ZeVYz�]\�eV�PSg�`-MQVYgNc�RUP;faZeOQM�h
`dx¤�UKaM��Sf6];h/ZefN�-P;~YM�P;���UM�TX�6M�Ze]��UfNZeM�h/VYR��UZeVY`Nf/�UVYP;g4q

∆T2.
JLKNM��-P;~W]�ZeV�zs]\�UVYP;g1�IMQM�haR�`a];O?b

VYgw�UP��UKNM MQ^SP;~Yf/�UVYP;g�P����eKNM �UMQTX�-MQZ?]\�efNZUM§®afaOr�Ufa]��UVYP;gaR�q/hN]�TX�NVYgNc��UKNM�T�]\��RUTX];~�~YMQZ�ReOQ];~�MsR
OQP;TX�a]�ZeM�h��UP��UKaM{VYRUP��eZUPS�NVYO�ReOQ]����UM�ZUVYgNc�ZUMsR�fa~��?R :
Ê g¦�UKNM¥�UVYc;Kw�e~�x OQP;fN�a~�Msh ~YV�TXV���q �UKaM¥�aKNP��eP;g/ëìMQ~YM�Or�UZeP;g}®afaVYh ];Or�eR¤];R¤];g VWh/M�];~�®afNVWh

h/MsRUOQZUVY`-M�h©`dx©V��?R hNMQgaRUV���x©]�g6h}^;M�~�P/OrV���x}]�~YP;gNM : JLKNM��6PS~Y];ZUVYz�]��UVYP;g¸]�g6h©�UM�T��-MQZ?]\�efNZeM



à 0 âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é
�wfa]Sh/ZUfa�6PS~�M�]�ZeM�zQM�ZUP : ­ R��UKNM��UVYT�M�P���~Y]SR���ReOQ]����eMQZeV�gNc�];�N�NZePS];O?KaM�R�q�[¯M�O�]�gjRUP;~Y^;M��IP;Z�eKNM��-P;~W]�ZeVYz�]\�eV�PSg�`dx¥MQ�/�a]�gahNV�gNc�V�gÍ�6P\[nMQZ?R�P;�=�UKaM OQP;g/�IPSZUT�]�~¯TXM�]�gÍRUO�]\���eMQZeV�gac1�UVYTXM;q
τc.
J4P�îaZ?R���PSZehNMQZsq6[nM{îagah

∆T2,∆P ∝ ikµvτc;
�UK6]\�§VWR�q6[nM�îag6h��UKaM��wfa];hNZUfN�-P;~YM�TXP�ë

TXMQgw��];gah��UKNM{VYgah/faOQM�h �-P;~W]�ZeV�zs]\�UVYP;g ]�ZeM��NZUPS�6PSZ��eV�PSga]�~-�ePX�UKNM�cSZe]Sh/VYMQgw�nP;�F�eKNM{^;M�~�P/OQV���x
�eV�TXM�R��UKNM�T�Ms]�g��IZeMQM�ReOQ]����UM�ZUVYgNc��eV�TXM :*Ê �,[nM�V�gw�UM�c;Z?]\�eML�UKNVWR��eKNZUPSfNc;K��eKNM=~W];R��¯RUO�]\�U�UMQZeVYgNc
RUfNZU�¡];OrMSq6[nM�îagah

∆T2,∆P ∝ ikµv∆τrec,
[�KNMQZeM��eKNM�[�VWhd�eK�P;���UKNM�^dVYRUV�`aV�~YV���x¤�IfagaO��eV�PSg

Ka]SR�ZeMQ�a~Y]SOrM�h��eKNM T�Ms]�g RUO�]\���eMQZeV�gac{�UVYTXM : JLKNVWR¯]SRURUfNTXM�R��UKaM§^SMQ~YPdOQV���xXVWR��¡];V�Ze~YxXOQP;gaR��e];gw�
P\^SMQZ��UKNM�R�fNZU�¡];OQM¤P���~Y]SR���ReOQ]����UM�ZUVYgNc�w��IP;Z�RUT�]�~Y~�ReOQ]�~YM�R��eKNVWR�VYR�gNP����eKNM�O�];RUM¤];gahÍ�UKNM
�-P;~W]�ZeV�zs]\�eV�PSg�`-M�OrPSTXM�R�RUfN�N�NZeM�ReR�Msh�`dx��eKNM��UKaVYO?bdgNMsRURLP;�4�UKaM{~Y]SR��=ReOQ]\�U�UM�ZUVYgNc�R�faZ��¡]SOrM :
JLKdfaR§�UKNM��-P;~W]�ZeV�zs]\�UVYP;g¤�eZe]SOrMsR=�eKNM�^SMQ~YP/OrV���x�î6MQ~Wh1P;g1�UKNM�RUfNZ��¡]SOrM�P;��~W];R���ReOQ]����UM�ZUVYgNc :

Ê ���eKNM ^;MQ~YP/OrV��UVYM�Rn]�ZeM=VYgw[L]�Z?h/~Yx�OQP;gd^;M�ZUcSV�gac{V�gw�UPX]��-P;VYgw��qw�UKaMQg�V��L[�V�~Y~C`6M�R�faZUZeP;fNg6h/M�h�`dx
]�Ze]Sh/VY];~F�-P;~W]�ZeVYz�]\�eV�PSg1�a]����UM�ZUg :�Ê ��VYgaR��eM�]Sh��UKaM�^SMQ~YP/OrV��UVYM�R ]�ZeM�h/VY^;M�ZUcSV�gNc6q-�UKNM�ZUM�[�V�~Y~*`6M
]X�?]�gNcSMQgw�UVW]�~F�6PS~Y];ZUVYz�]��UVYP;g¤�a]����UM�ZUg : JLKNM��-P;~W]�ZeVYz�]\�eV�PSg¤�6P\[nMQZ R��-M�Or�UZ?]�[�V�~Y~8`6M�c;ZeM�]\�eM�R��
PSg�ReOQ]�~YM�Rn[�KNM�ZUM§�UKaM{^;MQ~YP/OrV��UVYM�Rn[nMQZeM§`NVYc;cSM�R��nPSg��eKNM{~Y]SR���ReOQ]\�U�UM�ZUVYgNcXR�fNZU�¡];OQM : JLKdfaR¯�UKNM
�-M�];bdRn[�VY~�~4`6M{PSf/��P��F�aKa];RUM�[�V��eK��eKNM�V�gw�eMQgaRUV���x��6Ms]�b/Rn[�KNVWO?K��IPS~�~YP\[}�eKNM�h/MQg6R�V���x�P��F�UKNM
®afaVYh�i¡RUMQM�`-MQ~YP\[ : p
�/: _ : 
 �6ÇsÇ\Ä*P¡»N½�¾#�-¼j¿ìº8¼��;½�¾#�-¼8È;É§Ê g�c;M�gNMQZ?]�~lq�[nM�OQ];g�~�PdP;b��IP;ZnOrP;ZeZeMQ~W]\�UVYP;g6R*`6MQ��[¯M�MQg�]�gdx
P;�8�eKNM � �eP;bSM�R=�6]�Z?]�TXMr�eMQZ?RQÎ

I,Q
PSZ
U.
ü P\[nMQ^;M�Z�q6OrMQZU�e];V�g�OQP;ZeZUM�~Y]��UVYP;gaRLT�faR��§`6M�zQMQZeP�V��

�eKNMXfNgNVY^;MQZ?RUM�ZeM�RU�6MsO��?R��a]�ZeV���x�VYgd^\]�ZeVY];gaOrM :2{ g6h/MQZ�] ZeMr®aMsO��UVYP;g¥]�`-P;f/���eKNM
ŷ− ]��dVWR�qC�UKNM�eP��e];~/V�gw�eMQgaRUV���x�]�gah

Q
�6PS~Y];ZUVYz�]��UVYP;g�P;�-] �6PSV�gw��ZeMQT�]�VYgaR*fNg6O?Ka]�gNcSM�h,q\`af/�

U → −U. JF[¯P�-P;VYgw�{OQP;ZeZUM�~Y]��UVYP;gaR§`-Mr��[nMQMQg��UKaV�gNcwR�P��LP;�N�-PSRUV��UMX�a]�ZeV���x;q�RUfaO?K¥]SR 〈TU〉 PSZ 〈QU〉 T�faR��`-M§z�MQZeP�V����UKNM fNgNVY^;M�ZeRUM�VWR¯�a]�ZeV���xXVYgd^_];ZUVW]�gw� : ·�P��UM ]�~WR�P��UKa]�� 〈TQ〉 T�faR���]��a�NZUPw];O?K�z�MQZeP]���RUT�]�~Y~�R�M��a]�Z?]\�eV�PSgaRn[�KNMQZeM �UKNM{�-P;~W]�ZeVYz�]\�eV�PSg�OQPwPSZehNV�ga]��UM `a];RUVWRL`6MsOrP;TXMsRLfNgah/MQîagNM�h :
Ê g�]ShNh/V��UVYP;g°�eP¸�UM�TX�6M�Ze]��UfNZeM¢]�g6h°�6PS~Y];ZUVYz�]��UVYP;g°]�fN�UP�ë OrPSZUZeMQ~W]\�eV�PSgaR�q PSgNM¢O�]�g�];~YRUP

RUM�];ZeO?K��IP;Z�OQP;ZeZUM�~Y]��UVYP;gaRLP;�*�UKNM��-P;~W]�ZeVYz�]\�eV�PSg�[�V��UK¤�eKNM��eMQTX�-MQZ?]\�UfaZUM�];gNVYRUP��eZUPS�dx : JLKaM�RUM
O�]�g�`-M��-PSRUV��eV�^SM�P;Z�gNMQcw]\�eV�^SM�]�gahjPSReOrVY~�~W]\�eM�[�V��eK��UKaM��IZeM��wfNM�gaOrx¥P����eKNM��NKaP��UPSg�®afNVWh,q
`NfN�X];ZUM�PSf/��P;�=�NKa]SR�M�[�V��eK¢MQV��UKaMQZ��UKNM��UM�T��-MQZ?]\�efNZeM�P;Z��UKNM �-P;~W]�ZeV�zs]\�UVYP;gjOQP;ZeZUM�~Y]��UVYP;g
�IfNg6O��UVYP;g6R : Ê g�ZUMs]�~�RU�a];OQM;qF�UKNMsR�M�[�VY~Y~�~YPwPSb�~YV�bSM�gNMr��Ze]Sh/VY];~�P;Z��?]�gNcSMQgw�UVW]�~��6PS~Y];ZUVYz�]��UVYP;g
�a]����eMQZegaR�]�ZeP;fNg6h�KNP;�=P;Z�OrPS~Yh¤RU�6P;�eRLVYg��eKNM��UM�TX�6M�Ze]��UfNZeM{h/VYR��UZeVY`Nf/�UVYP;g :
³§`aRUMQZe^\]\�UVYP;g©R��UZ?]\�UM�c;VYM�R��IPSZ�h/Mr�eM�Or�UVYgNc 〈QQ〉 ]�gah 〈QT 〉 h/V/.-M�Z�RUV�cSgNV�î-OQ]�gw�e~�x : JLKNM�IPSZUTXMQZ�ZeM��wfNVYZeM�gNP;VWR�M�~YMQ^SMQ~WRX�UP�`-M1P;��PSZehNMQZX�UKaM�R�VYzQM�P�� �UKNM1�-P;~W]�ZeVYz�]\�eV�PSg}R�VYc;ga];~ØqLRUP

PS`aR�M�ZU^\]��UVYP;gaR{T�faR����IP/OrfaR�P;gÍ]¤�¡]�VYZU~Yx�R�T�];~�~LR�MsO��eV�PSg�P����UKaM RUbdx��eP�ZeM�h/faOQM��eKNM�gNPSVYRUM :
JLKNM¥OrZePSReR�OQP;ZeZUM�~Y]��UVYP;g}OQ];g `-M¥hNMr�UMsO��eM�h¸[�V��UK ]j~W]�Zec;M�Z�gNPSVYRUM�~YMQ^SMQ~lq§]SR�~YP;gNcË];R��UKNM
�eMQTX�6M�Ze]��UfNZeM�®afaO��efa]\�eV�PSgaR�]�ZeM�TXMs];RUfNZUMsh�ZeMQ~YVY];`N~�x : JLKNMXgNPSVYRUM�VYg��-P;~W]�ZeVYz�]\�eV�PSg�OQ];gaOrM�~YR
PSf/��[�KNM�gÍRUf/¨�OrVYMQgw�U~Yx�~Y];ZUcSM�]�ZeM�]SR{P����UKNM¤R�bdx�]�ZeM�PS`aR�M�ZU^SM�h : y8PS~Y];ZUVYz�]��UVYP;g�T�]_x�[¯M�~�~
`-M îaZeR���h/Mr�eM�O��eM�h�`dx�V��?R�OrZePSReR¯OQP;ZeZUM�~Y]��UVYP;g�[�V��UK��UMQTX�-MQZ?]\�efNZUM§ë�VYg��a];Z��eVYOQfN~Y];Zn�UKNM{m ­ yRe]\�eMQ~Y~�V��UM�[�VY~Y~4Ka]_^SM{gNP;VWR�M�~�M�^;MQ~WR��ePdP�KNVYc;K¤�UP�h/Mr�eM�O��§�UKNM��6PS~Y];ZUVYz�]��UVYP;g¤]�f/�eP�ë OrPSZUZeMQ~W]\�eV�PSg�q
`NfN��V��¯[�V�~Y~6RUfNZe^;MQx��UKNM=M�gw�UVYZUM=RUbdx�]�g6h��UKdfaR�[�VY~Y~N`6M ]�`N~YML�UP�hNMr�UMsO����eKNM�OQZUPwRUR�OQP;ZeZUM�~Y]��UVYP;g
�¡];V�Ze~�x�M�];RUVY~�x :
�/: vN: � P¡Ä*��½�Ç\¾#��»N¼�-�Åj»NÁ-¼FÄw½s¾#�¥ÅU��-8ÄwÈSÉ ­ ��]�gdx��-P;VYgw��P;g��UKNM�RUbwxSq,�UKaM��6PS~Y];ZUVYz�]��UVYP;gKa]SR*��[nP�h/MQcSZUM�M�R�P;�-�IZeMQMsh/P;T¤qSV��?R�]�TX�N~YV��Ufah/M ]�gah�VYgaOr~YVYga]\�eV�PSg�]�gNcS~�M :FÊ g�cSMQgNM�Ze];~Øq\�eKNM��-P�ë
~W]�ZeV�zs]\�eV�PSg�OQ];gX`6M�hNM�OrPSTX�6PwR�Msh�VYgw�UP���[nP�bwVYgahNR�P��,TXPdhNM�R�Î4MQ~YM�Or�UZeVYO{i¡´¯p�qwOrfNZe~�ëØ�IZeMQM�TXP/h/M�R
];gah¤T�]�c;gaMr�UVWO�iØm�p�q-c;Z?];h/VYMQgw�UëØ�IZeMQM�TXP/h/M�R : ��P/OQ];~�~Yx;q6´�ëìT�P/h/MsR�];ZUM�M�V��eKNMQZ��e];gNc;M�gS�eVY];~�P;Z
Z?];h/VW]�~LOrPSg/îacSfNZe]��UVYP;gaR�P��§�UKNM��-P;~W]�ZeVYz�]\�eV�PSgj�a]����UM�ZUg4q�[�KNVY~�M�o¯ëìT�P/h/MsRXKa]_^;M¤]�MQV��UKNM�Z�]
OQ~�P/O?bd[�VYRUM=PSZ¯OrPSfNgw�UM�ZeOQ~�P/O?bd[�VYRUM�Ka];gah/M�hNgNM�ReR : i ² VYc;fNZeMc�_p ­ �afNZUM§´�ëìT�P/h/M OrPSg/îac;faZe]��UVYP;gO�]�g�`-Mn�UZ?]�gaR��IP;ZeTXM�h{VYgw�UP�]��afNZUMLo¯ëlTXP/h/Mn`dx{ZUP;�e]\�eV�gac§Ms];O?K��-P;~W]�ZeV�zs]\�eV�PSg��N~W]�gNMn`dx ±45◦iØ]�gah�^dVYOQM{^;MQZ?Re] : p
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]�ZeM ];g¢PSZ��eKNP;cSP;ga];~�`a]SR�VWR�P�� RUxdTXT�MQ�UZeVYO;q��eZe]SOrMQ~YM�ReR
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T�]\�eZUVWOrMsR :
JLKNMsR�M{O�]�g c;Mr�=]X`NV���OrPSTX�N~�MQ��[�KNM�g h/Ms]�~YV�gac�[�V��UK¤~W]�Zec;M{ReOQ]�~YM �6PS~Y];ZUVYz�]��UVYP;g :

�/: ua: 
 �-È�ÅU�QP#�-Á-¾#�;»�PK�N�-¼FÈ�½QÇ\»N¾Ø¼C½�È�¿lÇ��6Å Æ���PØ»/Ç\¾#LS»/½�¾M�6¼¯É y*M�ZUKa];�aR��UKNM¤TXPSR���VYTX�6PSZ�ë
�?]�gw�4�eKNV�gac��eP�`-M¯~YM�];ZUgNMsh��IZeP;T �6PS~Y];ZUVYz�]��UVYP;g{VWRF�UKNM¯�UVYTXM¯P;�a~Y]SR��*RUO�]\�U�UMQZeVYgNc : y*PS~Y];ZUVYz�]��UVYP;g
VWR¯]�OQ];faRU];~6�aZUP/OrMsRUR¯]�gah�[¯M h/P�gaP��LMr�/�6MsO���OrPSZUZeMQ~W]\�eV�PSgaR�VYg�V��nPSg�RUO�]�~YM�R¯~Y];ZUcSMQZ��eKa]�g��UKNM
KNPSZUVYzQPSg ]���~W];R��§RUO�]\�U�UMQZeVYgNc : JLKdfaRQq6�6PS~Y];ZUVYz�]��UVYP;g¤OQ];g�`6M�f6R�Msh �UP�VYg/�IMQZ��UKNM��UVYT�M�P���~W];R��
ReOQ]����UM�ZUVYgNc : y*P;~W]�ZeV�zs]\�UVYP;g�OQP;ZeZUM�~Y]��UVYP;gaR4P;g�^;MQZex�~Y];ZUcSM�ReOQ]�~YM�R�q\~YV�bSM��UKaPSRUMnRUMQM�g�VYg�|¸m ­ yÍqVYgah/VWOQ]��UM¯�UKa]��8�eKNMLfNgNVY^;M�ZeRUM¯[L];R8ZeMQVYP;gNVYzQMsh{M�];ZU~Yx{MQgaP;fNcSK��UP{]SO?KNV�M�^;Mn]§RUV�cSgNV�î6OQ];gS�*P;�N�UVWOQ]�~
h/M��/�UK �IPSZL�UKNM{�NKaP��UPSgaRn�UPXZeM�ReOQ]����UM�Z :
Ê g�];hNhNV��eV�PSg�q��eKNM�´�ë o¢h/MsOrP;TX�-PSRUV��eV�PSg�P;�6�eKNM��-P;~W]�ZeV�zs]\�UVYP;g�[�V�~Y~N`-M=VYT��-P;ZU�e];gw� : �4V�gaM�]�Z

ReOQ];~Y];Z�®af6O��Uf6]\�UVYP;g6R OQZUMs]\�eM�PSgN~�x�´�TXP/h/M�R :�ü P\[¯M�^;MQZsq-c;Z?]_^wV��e]��UVYP;ga];~F[L]_^;MsR�O�]�g�OQZUMs]\�eM
`-P��eK�´�]�gah�o�TXP/h/M�R : JLKdfaR�]�h/Mr�eM�O��eV�PSg�P���VYgS�eZUVYgaRUVYO�o�ëìTXP/h/M�R�[¯PSfN~Yh�`-M�cSPwP/h�M�^Së
VWh/MQg6OrM¤�IP;Z�RUVYc;gNV�î6OQ];gw���eMQgaRUP;ZX®6faO��efa]\�eV�PSgaR : JLKNM�Mr�/�-M�O��eM�hË~YMQ^;M�~YRXP;��o�TXPdhNM�RX�IZeP;T
cSZe]_^dV��e]\�eV�PSga]�~n[L]_^;M�R�q¯�UKNPSfNc;K�qL]�ZeM�Mr�/�-M�Or�UM�hÍ�ePj`6M1RUT�]�~Y~ØqLT�]�bdVYgNc��UKaM�P;`aRUMQZe^\]\�UVYP;g6R
�wfNV��UM{O?Ka];~�~YMQgNcSV�gac :

YN:=<?>�HW@,H���'�GCB4>4D4HW@,HIB4>��
·=P\[¢[¯MnKa]_^;Mn]§OQP;TX�N~YMr�eMnRUMr�*P��COrP;fa�N~�Msh�h/V/.CMQZeMQgw�UVW]�~dM��wfa]��UVYP;gaRF[�KNVWO?K�[nMnO�]�g�MQ^;PS~�^SM

�IZeP;T�M�];ZU~Yx��eV�TXM�R�qw[�KNMQg��eKNM=TXP/h/M�R�P���VYgw�UMQZeM�R���[nMQZeML�¡]�Z¯P;f/�?R�VWh/M��eKNM�KNPSZUVYzQPSg�q�fNgw�eV�~6�UKNM
�NZeM�RUMQgw� : JLKNMsR�M§V�g6Or~Yfah/M§�UKNM ´�VYgaR��eMQVYg�Ms�wfa]\�eV�PSgaRQqS®afNVWh�Ms�wfa]\�eV�PSgaR��IPSZnOQP;~Wh�hN];ZUbXT�]\�U�UMQZ
];gah�`a]�Zex;PSgaRQqSo¯PS~��ezQT�]�gag�Ms�wfa]\�eV�PSgaR*�IP;Z¯�NKNP;�UP;g6R=i3�eMQTX�6M�Ze]��UfNZeM=]�g6hX�6PS~Y];ZUVYz�]��UVYP;g6p*];gah
gNM�f/�UZeVYgNPSR :�² V�g6]�~Y~�x¥[¯M�T�faR���]�~WR�P1OQP;gaRUVYhNMQZ��UKaM�MQ^SP;~Yf/�UVYP;g¥P���[�Ka]���MQ^;M�Z�hN]�Zeb�M�gNMQZec;x
OQP;TX�6PSgNMQgw��VYR T�]�bdVYgNc�fa� ���"� P��¯�UKNM�T�]\���eMQZ�VYg��eKNM�fagNV�^SMQZ?R�MSq,[�KNVWO?K�VWR§�6]�ZU�UVWOrfN~W]�Ze~�x
Ms];RUx�V�g �UKaM�OQ];RUM�P��*]�OQPSRUTXP;~YP;c;VWOQ];~-OQP;gaR��e];gw� :
­ ~Y~�P;�§�eKNM�RUM�M��wfa]��UVYP;gaRXT�faR���`6M1RUfN�N�a~�M�T�M�gw�UM�h©`dx��eKNM1VYgNV��UVW]�~�OQP;gah/V��UVYP;g6R�P�� �UKNM�-MQZU�UfNZe`a]��UVYP;gaR�q*[�KNVYO?KË]�ZeM�h/MQ�UM�ZUTXVYgNM�h¢`wx�]�T�P/h/M�~LP��=�eKNM�Ms]�Ze~�x¥fNgNVY^;M�ZeRUM :�ü MQZeM�[nM

h/VWReOrfaReRn�UKNM{^\];ZUVYP;faRn�-PSReR�VY`NVY~�V��UVYM�Rn�IPSZ�V�gaV��eVY];~4OrPSgah/V��UVYP;gaR :

Ya:�9S: � ��½s¾bO-ÄZO�ÈSÉ Æ*»NÈsÈ�¾#O6Ä-É{� P;TXM�TXPdhNMQ~WRn�IP;ZL�UKaM{P;ZeV�cSV�g P��*R��eZUfaOr�UfNZeM�V�g6Or~Yfah/M�RUP;fNZ?OrMsR
[�KNVWO?K�R��UVY~Y~,Mr�/VYR��L�UP/hN]_xSqw[�KaPSRUM§`-MQKa]_^dVYP;fNZnT�f6R��=]�~WRUP�`-M��IP;~Y~�P\[nM�h�];~�PSgNcXR�VWh/M§�UKNM�P��eKNMQZ
�-MQZU�UfNZe`a]��UVYP;gaR :�� faO?K�RUP;fNZ?OrMsR ];ZUMXbdgNP\[�g�];R 8 õrölñCB\ô�ò 3 ø/÷Uõ?ô�ò=<¤³��UKNM�Z{T�P/h/M�~YR�q*R�faO?K�];R
VYg/®6]��UVYP;g�q8[�KNMQZeM�P;ga~�x��UKNM�VYgNV��UVW]�~�OQP;gahNV��eV�PSgaR�]�ZeM�O?Ka];gNc;Msh�Ms]�Ze~�x�V�g��eKNM�fNgNVY^;M�ZeRUM;q8]�ZeM
bdgNP\[�g ];R¯ó 8 ò?ò�ñCB_ô�ò 3 ø/÷Uõ?ôrò=<
JLKNM�`-M�R��FbdgNP\[�g�MQ�/];TX�N~�MsR,P��N]SO��UVY^;M�RUP;faZeOQM�R,]�ZeM�OrPwR�TXVWO�h/MQ�IM�O��4�UKNM�P;ZeV�MsRQq_R�f6O?K�]SR4OQPSR�ë

TXVWO{R��eZUVYgNcSR�];gah�OrPwR�TXVWO§�UMr�d�efNZUM�i¡M : c :L� KNMQ~Y~W]�Z?h�V�W�VY~YMQgNbdVYg6p : JLKNM�h/MQ�IM�O��§MQ^;PS~�fN�UVYP;g¤VYR
gNPSg/ëì~�VYgNM�];Z�]�gah�P/OQOrfaZUZeV�gac OQP;gaR��e];gS�e~�x�];RF�UKNM=hNMr�IM�Or�eR�]����eMQTX�/���UP{fagw[�VYgah��UKNM�T�R�M�~�^SM�R�];R
�eKNMQx�M�gS�eMQZn�UKaM KaP;ZeV�z�P;g : J�xd�NVWOQ];~�~Yx;qw�eKNM{h/Mr�IMsO��eRLVYgw�UM�Ze]SO��¯PSgN~Yx�c;Z?]_^wV��e]��UVYP;ga];~�~Yx��UKNZeP;fNcSK
�eKNMQVYZ�VYg/®afNM�gaOrM=PSg��UKNM�´�VYgaR��UM�V�g�Ms�Sf6]\�UVYP;g6R : onM�OQ];faRUMnP;�C�UKNM�V�Z�gaP;g/ëì~�VYgNMs]�Z�MQ^SP;~Yf/�UVYP;g4q\�UKNM
�NZeM�hNVYOr�UVYP;gaR§�IP;Z{h/MQ�IM�Or�eR{]�ZeMXOrP;g6R�VWh/MQZ?]�`a~�x¤Ka];Zeh/M�Z �UP�h/Mr�eMQZeTXV�gNM : ­ �{�NZeM�RUMQgw��q��UKNPSfNc;K�q�eKNMQx�];�N�-M�]�ZL�ePX`6M�];g fagN~�VYb;M�~�x�OQ]�g6h/VYha]\�UM �IPSZL�UKNM{�NZeVYTX];ZUx�RUP;faZeOQM P;�8];gNVYRUP��eZUPS�NVYM�Ro<



à
j âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é
Ya: � : 
 »NÈsºF»�P�O�ÈSÉ§»��;»Nº8È�»�P�É k¯PSRUTXVYOLh/MQ�IM�O��?R�];ZUM�]�~WRUP�] ^SMQZex�c;PdP/h�MQ�N]�TX�N~YM�P��,]{OQ]�f6RU];~
TXM�O?K6]�gNVWR�T��IP;Z�R��UZefaO��efNZUM �IPSZUT�]\�eV�PSg�q�`-M�O�]�faRUM �UKNM�xÍh/P�gNP;��ZUMs�wfNV�ZeM�OrPSZUZeMQ~W]\�eV�PSgaR�PSg
ReOQ];~�MsR�~Y];ZUcSMQZ��UKa];g��UKNM�KNP;ZeVYzQP;g :=Ê g/®6]��UVYP;g1ga]��UfNZ?]�~Y~Yx��NZeP/h/faOQM�R�OQP;ZeZUM�~Y]��UVYP;gaRLPSg�RUfN�6M�Z�ë
KNPSZUVYzQPSg�RUO�]�~YM�R�q;[�KNVWO?K�VYgX�UKNM R��?]�gahN];ZehX`aV�c�`6]�gNc�OQP;gw�UMQ�d��[¯PSfN~Wh�]��N�-M�];Z��UP�`6M ];OQ];faRe]�~ :

Ya: �a: � -8¾¡»��*»/½�¾M�NÉ JLKNM¥R�VYTX�N~�MsR���bwVYgahNR�P��{VYgNV��UVW]�~�OrP;g6h/V��eV�PSgaR�];ZUM�[�KNMQZeM��UKaM�gdfNT�`-MQZ
h/M�gaRUV��eV�MsR�P���];~�~§�UKaM�OrPSgaR��UV��UfNM�gS� �a]�ZU�UVWOr~YM�R�®afaOr�Ufa]��UM�VWh/M�gS�eVYO�]�~Y~�x : JLKNMsR�M�]�ZeM1bdgNP\[�g
]SR 8N6 ñ 8 ð 8 ölñ¡õ�®af6O��Uf6]\�UVYP;g6R§];gah1]�ZeM�gNMsOrMsRURe]�ZeV�~Yx¤OrfNZe^\]\�UfaZUM�®afaO��efa]\�eV�PSgaR : ² P;Z§]Sh/VW]�`a]��UVWO
®af6O��Uf6]\�UVYP;g6RQq δnγ

nγ
= δnc

nc
= δnb

nb

]�g6h��IPSZ�]�~Y~��eKNM��a]�ZU�UVWOr~YM�RU�6MsOrVYM�R : JLKNVWR{VYT��a~�VYM�R��eKa]\�
δc = δb = 3

4δγ ,
R�VYgaOrM��UKNM��NKNP��eP;gaR§]�ZeM�ZeMQ~W]\�UVY^dVYR��UVWO�];gah

nγ ∝ ρ
3/4
γ .

Ê g�]ShNh/V��UVYP;g�qCR�VYgaOQM
�eKNM{�6M�Z��efNZe`a]\�eV�PSgaRL[¯M�ZUM��NZeP/h/faOQM�h�V�g �UKaM�M�];ZU~Yx�fNgNVY^;M�ZeRUM;q/V���VWR�];ReR�fNTXMsh��eKa]\�=PSgN~Yx��UKNM
cSZUP\[�VYgNc�TXP/h/M{P;�4�UKaM{�6M�Z��efNZU`6]\�UVYP;g6RLVYRLVYTX�6PSZ��?]�gw���UP/hN]_xSqNR�P��UKa]��

δ ∝ τ2.Ê �4VWR,[nP;ZU�UK{h/M�ReOrZeVY`NV�gac=]L`NV��FT�PSZUM�];`6PSf/�,�UKaM�R��?]\�eVYR��UVWOQR,P;�S�eKNM�®af6O��Uf6]\�UVYP;g6R : JLKNZUPSfNc;KNë
PSf/�=[¯M{K6]_^;M�`6M�MQg1OQP;gaRUVYhNMQZeV�gNc��eKNM{MQ^SP;~Yf/�UVYP;g¤P��8�UKaM ² PSfNZUVYMQZL�eZe];gaR��IP;ZeT�Msh�];TX�N~�V��Uf6h/M�R
h/MQîagNMsh�`dx

δ(x) =
V

(2π)3

∫
d3k eik·xδk.

JLKNM ² P;fNZeV�M�Z�T�P/h/MsR{]�ZeM�O?K6]�Z?];O��eMQZeVYRUM�h1`wx�]�g�];TX�N~�V��Uf6h/M�]�gah¥] �NKa]SR�M :�Ê g¥�UKNMX~YV�gaM�]�Z
ZeMQcSV�TXM �UKNM¥]�TX�N~YV��efah/MsR�MQ^SP;~Y^;M�VYgah/MQ�-MQg6h/MQgw�U~YxËP��{M�]SO?KÍP;�UKNM�Z�qL[�KNVY~�M1�UKNM1�aKa];RUM�R�ZeMrë
T�]�VYg��NZeM�RUMQZe^;Msh :¯² P;Z ï�];faReR�VW]�g îaM�~YhNR�qN�eKNM��NK6];RUM�R�];ZUM{Z?]�g6h/P;T : JLKNM�~YV�gNMs]�Z=M�^;PS~�f/�eV�PSg
�NZeM�RUMQZe^;MsR¯];gdx�gNP;gNë ï�];faRURUVW]�g�VYg/�IPSZUT�]\�eV�PSg�[�KaVYO?K VYR=V�g��UKNM{�aKa];RUM{OrP;ZeZeMQ~W]\�UVYP;g6R :
² PSZXï�];faReR�VW]�g�Z?]�gahNP;Tíî6MQ~WhNRQq�];~�~¯�UKaM�VYg/�IP;ZeT�]\�UVYP;g¢VYR�OrP;gw�?]�VYgNM�h�VYg��eKNM���[nP1�-P;VYgS�

OQP;ZeZUM�~Y]��UVYP;g��IfNgaOr�UVYP;g�q;P;Z8V�g ² PSfNZUVYMQZ*RU�a];OQM¯VYg��eKNML�6P\[nMQZ*R��-M�Or�UZefNT¤q
P (k).

JLKNMLMQgaRUMQT�`N~�M
]_^SMQZ?]�c;M�P��8��[¯P ² PSfNZeV�M�ZnTXP/h/MsRLVYR�cSV�^SMQg `dx

〈δkδk′〉 = V

(2π)3
P (k) δD(k− k′),

[�KNM�ZUM��eKNM�µ§V�Z?];O{hNMQ~��e]��IfNgaOr�UVYP;g�VWR��eKNM�OrPSgaRUM��wfNMQg6OrM�P���KNPST�PSc;M�gNMQV���x :�Ê g��aZe]SO��UVWOrMSqN[nM
faRUfa];~�~Yx�];ReR�fNTXM��UKa]����eKNM MQgaRUMQT�`N~�M¤]_^;M�Ze];c;MsR�]�ZeM�Ms�SfaV�^\]�~YMQgw���UP�]_^;M�Ze];c;M�R�P\^;MQZ�~Y];ZUcSM
M�gNP;fNcSK�^SP;~YfNTXM�R�i¡V : M : �UKNM�R��a]��UVW]�~�M�ZUcSP/h/VYO§�eKNMQPSZUM�T : p�JLKNM{ZeM�];~4RU�a];OQM§��[nP��-P;VYgS���IfagaO�ë
�eV�PSg O�]�g `6M�RUKNP\[�g��UP�`-M��UKNM ² P;fNZeV�M�Zn�UZ?]�gaR��IP;ZeTÂP��8�UKNM{�-P\[nMQZ�R��-M�Or�UZefNT¤q

〈δ(x)δ(x′)〉 = V

(2π)3

∫
d3kP (k)eik·x.

JLKNM�^\];ZUVW]�gaOQM;q�P;ZC�UKaM�OrPSZUZeMQ~W]\�eV�PSg=�IfNgaOr�UVYP;g�]��
0◦,
VWR,c;VY^;M�g§`dx 〈

δ2
〉

= V
(2π)3 4π

∫
k2dkP (k).

Ya: �a:�9S:]� õ 8�5 ô�ñ HQ6 ô óaô H^6 ô H ö 8�HQ6 ñ H B 8 ÷�ñ 8�H ö§òØóaô?õröl÷ 8 <=JLKNM�TXPSR���[�VWh/MQ~Yx�OQP;gaRUVYhNMQZeM�h�OQ~Y]SRUR
P;�,RU�-M�O��eZe]{];ZUM�bdgNP\[�g�]SRLòQõ 8�5 ô�ñ HQ6 ôìóaô H^6 ô H ölq/]�gah�];ZUM=O?Ka];Ze]SO��eMQZeV�z�M�h�`dxX]�RUV�TX�N~YM=�-P\[¯M�Z
~W]_[

P (k) ∝ kn,
[�KNMQZeM

n
VWRLbdgNP\[�g ]SRn�UKNM�RU�-M�O��eZe];~,V�g6h/Mr� :

­ RU�6MsOrVW]�~�RUfN`-OQ~Y]SRURnP;�F�eKNM�RUM�VYRn�eKNMXòQõ 8�5 ô�ñ H B 8 ÷�ñ 8�H öLRU�-M�O��eZUfaT qa[�KNVYO?K VWR�]�~WR�P�bdgNP\[�g]SR8�UKNM=y*M�MQ`N~YM�R�ë ü ]�ZeZUVWRUP;g/ë
�-MQ~Wh/P\^dVWO?K�R��-M�Or�UZefNT :8ü MQZeM;q;�UKNM�OQP;gw�UZeVY`Nf/�UVYP;g��eP��UKNM=^\];ZUVW]�gaOQM
VWR��UKNM�RU];TXM1�IP;Z�];~�~�TXP/h/M�R MQgw�eMQZeV�gNc¢�UKNM¥KNPSZUVYzQPSg : ³§f/�eRUVYhNM��eKNM�KaP;ZeV�z�P;g�q

δ ∝ τ2,RUP
P (k) ∝ τ4kn.

² ZeP;T��eKNM¤Mr�/�NZeM�ReR�VYP;gj�IP;Z��UKNM¤^\]�ZeVW]�gaOQM;q*�UKaM¤OQP;gw�UZeVY`Nf/�UVYP;gÍ�6M�ZX~�PSc
VYgw�UMQZe^\]�~,VWR

k3P (k) ∝ τ4k3+n [�KNVYO?K�RUKNP;fa~Yh `-M{V�gd^\]�ZeVY];gw��]��=KNP;ZeVYzQP;g¤OrZePSReRUV�gNc kτ ∼ 1.JLKNVWRLVYT��a~�VYM�RL�eKa]\��]XReOQ];~�M�VYgw^\];ZUVW]�gw��R��-M�Or�UZefNT�Ka]SR
n = 1.Ê g/®6]��UVYP;g�faR�f6]�~Y~�xX�NZeM�h/VWO��?R¯]�gNM�];ZU~Yx�RUO�]�~YM�VYgd^_];ZUVW]�gw�¯RU�-M�O��eZUfaT qd[�V��UK

n ' 0.92− 1.0.k¯fNZeZeMQgw��P;`aRUMQZe^\]\�eV�PSga]�~aOQP;gaR��UZ?]�VYgw�eR��a~Y]SOrM��eKNM§RU�6MsO��eZe];~6VYgah/MQ��VYg��UKaM�Z?]�gNcSM
n = 1± 0.1.



é,ã,æ6å
�{ã,é�æ��Cå1çaã����LèWç��LèWçaâaã������,å¤ä
�6ç����,âaã��CéCê à�s
Ya: _ : � Èc���Sº4ÇoON»/½sº4Ç\Ä¸ÅU��-FÄdÈSÉ JLKNM ];~��eMQZega]\�eV�^SM��UP�];hNVY];`a]\�eVYOX®6faO��efa]\�eV�PSgaRX]�ZeM�bdgNP\[�g
]SR�ñWò 3 õQø/÷�B 8 ölø/÷Uô�®afaO��efa]\�eV�PSgaR�q8PSZ��-MQZeKa]��6R�TXP;ZeM�]SOQOrfaZe]��UMQ~Yx�]SR�ô H öl÷ 3 ó^��®6faO��efa]\�eV�PSgaR :
JLKNMsR�M�Ka]_^SM§VYgNV��UVW]�~4OQP;gahNV��eV�PSgaRL[�KNMQZeM �UKNM�Z?]\�eV�PwRLP��F^\];ZUVYP;faRn�a];Z��eVYOQ~�M{RU�6MsOrVYM�RL^\]�Zex��IZeP;T
�N~W];OQM��UP��a~Y]SOrM :�ü P\[¯M�^;MQZsq/�eKNMQx T�]_x�`-M�VYgNV��eVY];~�~Yx¤OrP;TX�-MQgaRe]\�eM�h�RUfaO?K¤�UK6]\�=�eKNM�h/M�gaRUV���x
®af6O��Uf6]\�UVYP;g6R=OQ];gaOrM�~ : o¯fN�=�UKNM{TXP/h/MsR��UK6]\��`-MQcSV�g�];R=VYRUP/OrfNZe^\]\�UfaZUM�T�]_x�gNP;�=ZUM�T�]�VYg¤RUPaq
�a];Z��eVYOQfN~W]�Ze~�x�]��3�UMQZ�T�]����UM�Z=h/P;TXVYga]\�eV�PSg :
JLKNM�ZUM�];ZUM¯];R,T�]�gdx�h/V/.-M�ZUM�gS�8bdV�gahaR�P��/VWR�P/OQfNZU^\]��UfNZeM*®afaOr�Ufa]��UVYP;gaR8];RC�eKNMQZeM¯];ZUM��6]�VYZeR4P��

�a];Z��eVYOQ~�MLRU�6MsOrVYM�R :8² P;Z*Mr�N]�TX�N~YM;q;P��3�UM�g��eKNM�gdfNT�`-MQZ�P;�6�NKaP��UPSgaR8�6M�Z�hN]�Zeb{T�]\�U�UMQZ��6]�ZU�UVWOr~YM
VWR�];ReRUfNTXM�h��UP�^_];ZUxSq;`NfN��P;gNM§OrP;fa~Yh�];~YRUP{OrP;g6R�VWh/MQZ�^_];ZUVW]\�eV�PSgaR�VYgX�UKNM�gwfaT�`-MQZ�P;�,�NKNP��eP;gaR
�-MQZ=`6]�Zex;P;g4qwPSZ�`a]�Zex;PSgaRn�6M�Z�hN];ZUb�T�]����UM�Z=�a];Z��eVYOQ~�M : JLKNMQZeM�]�ZeM�TX];gdx�[n]_x/RLP;�8MQ�/OQV��eV�gac
VWR�P/OQfNZU^\]��UfNZeM�T�P/h/MsRQqa�IZUPST�T�fN~��UV�îaMQ~Wh¤V�gN®6]\�eV�PSga]�Zex�TXP/h/MQ~WR��eP�]\�/VYP;gaRL�aZUP/h/faOQM�h¤VYg¤�UKNM
Ms]�Ze~�x�fagNV�^SMQZ?R�M : JLKNMsR�M�TXP/h/MsR�T�]_x�]�~WRUP�OQP�ëìMr�/VWR���[�V��UK�];hNVY];`a]\�eVYOnTXP/h/M�R�];gah��UKNM�ZUM�T�]_x
`-M�OrPSZUZeMQ~W]\�eV�PSgaR�`-Mr��[nMQM�g��eKNMQT :
JLKNM{M�^;P;~Yf/�eV�PSg�P;�F�eKNM�TXP/h/M�RLVWR�TXPSR��=M�]SR�VY~�x��IP;~Y~�P\[nM�h�`dx�h/Mrî6gNV�gac�]�g�]�ga];~�PSc��ePX�UKNM

oL]�Z?h/M�MQg�^\];ZUVW]�`N~YM �IP;Z�Ms];O?K��6]�ZU�UVWOr~YM�RU�-M�OrVYM�R : JLKa]��LVWR�qN[¯M{h/MQîagNM

ζN =
1

3

(
1

2
h− +

δρN

ρN + pN

)
,

[�KNVWO?K�VYR*�eKNM=OrfaZU^\]\�efNZeM�®af6O��Uf6]\�UVYP;gXPSg�RUfNZU�¡];OrMsR*P��COrP;g6R��?]�gw��h/MQgaRUV���x�V�g�] c;VY^;M�g��6]�ZU�UVWOr~YM
RU�6MsOrVYM�R : JLKNMsR�M�O�]�g�`6M�RUKNP\[�g¥�UP�`-M�OrPSgaRUMQZe^;M�h�P;fN�eRUVYh/M��eKNM�KNPSZUVYzQPSg��IPSZ�TXPSR���bwVYgahNR
P;�¯�a];Z��eVYOQ~�MsR�`wx�R��eZUMsRUR�ëlM�gNMQZec;x�OQP;gaRUMQZe^\]\�UVYP;g :�Ê RUP/OrfNZe^\]\�UfaZUMX�-MQZU�UfNZe`a]\�eV�PSgaR�]�ZeMXfaR�f6]�~Y~�x
�wfa];gS�eV�î6M�h�`wx

Sij =
δni

ni
− δnj

nj
= 3 (ζi − ζj) ,

[�KNVWO?K�VWR�]�~WRUP1OrP;g6R�M�ZU^SM�h�P;f/�?R�VWh/M��eKNM�KNPSZUVYzQPSg :�ü P\[nMQ^;M�Z�q��UKNM��IfN~�~LoL]�Z?h/MQM�g�^_];ZUVW]�`a~�MSq
[�KNVWO?K VYR=]�[nMQVYc;Kw�UMsh�RUfNT¶P;�F�eKNM{VYgah/VY^wVWh/fa];~C�UM�ZUT�R�q

ζB =
∑

N

ζN (ρN + pN )/
∑

N

(ρN + pN )

VWR{gNP;��gNM�OQM�ReRU];ZUVY~�x1OQP;gaRUMQZe^;Msh�PSf/�eRUVWh/MX�UKNM�KNP;ZeV�z�P;g : iØ·=P;�UM��eKa]\�{�IPSZ�];h/VW]�`6]\�UVWO�®afaOr�Uf/ë
]��UVYP;gaR�q

ζB = ζc = ζγ . . .
];gah�]�~Y~¯];ZUM�OQP;gaRUMQZe^;Msh�PSf/�eRUVWh/MX�UKNM�KNP;ZeVYzQP;g : p � MQM�|�]�gahaRQq

m1];~�VYbCq
��xw�UK�V���VWhNh/~YM�iØ� �S�;� p��IPSZL�IfNZ��eKNMQZ=hNVYReOrfaReRUV�PSg :
tN:���þ��FD4H3>��Ë@���þu�aBQ��þNA&���NþaG6@,A-E�g

ta:�9S: ��� Ä9�¯Ä"�;½�R � ºFÆ�ÄwÇ_Ã��6Ç_¾MLN�-¼¦Ä"OQ��PØº4½s¾#�-¼�É ��Mr� faR�OrPSgaR�VWh/M�Z=�UKaM��a];Z��eVYOQfN~Y];Z§O�];RUM
P;��RUfN�-MQZeKNP;ZeV�z�P;gËTXPdhNM�R�VYg©�UKaM1T�]\���eMQZ h/P;TXVYga]\�eM�hËZUM�c;VYTXM :¦¬ M�OQ];~�~��UKa]����UKaMQZeM�VYR�]
cSZUP\[�VYgNc¤TXPdhNM�R�PS~�fN�UVYP;g

δm = Akn/2τ2.
JLKaM�®afNVWh�]�g6h�´�V�g6R��eMQVYg « R�M��wfa]��UVYP;gaR�V�TX�N~Yx;q

−2δ̇m = ḣ = ḣS
[�KNMQg��eKNM�^;MQ~YP/OrV��UVYM�R ]�ZeM�gNM�c;~YV�cSV�`a~�MSq-RUP��eKa]\�

hS = −2Akn/2τ2 + C.·�Mr�d��q§y8PSVYReRUP;g « R�Ms�wfa]\�eV�PSg�q ∇2Φ = 4πGδρ,
V�TX�N~YV�MsR��UKNM¥c;Z?]_^dV��?]\�UVYP;g6]�~��-P��eMQgw�UVW]�~�VWR

OQP;gaR��e];gS�sÎ
Φ = − 3

2

(
2
τ

)2
δm/k

2 = −6Akn/2−2.
i¡·�P��eMX�UKNVWR{VWR �UKNM�Re]�TXM�];R�PSgNM�îagahNR

`dx��UZ?]�g6R��IPSZUTXVYgNc1�eP¥·�MQ[L�UPSgNVW]�gËcS]�fac;M : pÂ³§gËRUfN�-MQZeKNP;ZeVYzQP;gÍRUO�]�~YM�R�q��UKNM � ]SO?KaR�ëì|¥P;~��IM
MQ�d�aZUMsRURUV�PSg}VYR h/PST�VYga]��UM�h¸`wxË�eKNM

ḧS/2k
2 �UM�ZUT¤q R�P��eKNM��UMQTX�-MQZ?]\�efNZUM¥]�gNVWRUP��UZeP;�dxËVYRM=.-MsO��UVY^;M�~�x

δT

T
' ḧS/2k

2 = −2Akn/2−2 =
1

3
Φ.

JLKNVWR�MQ�d�aZUMsRURUV�PSg�VYR{Ms];RUV�M�Z{�UP�fNgah/M�ZeR��e];gah¥V�g��eKNM�·�MQ[L�UPSgNVW]�g�cS];fNc;M : ·§]�VY^;MQ~Yx;q8P;gaM
MQ�d�-M�Or�eR§�UKaM�ZeM�haR�KNV��3�UVYgNc P����aKNP��eP;gaR§�UP `-M�cSV�^SMQg1`dx¤�eKNM�h/MQ�/�eK�P;���UKaM��-P��eMQgw�UVW]�~*[nMQ~Y~Øq
δT/T = Φ.

ü P\[nMQ^SMQZsq-VYg¥�UKNM�OQPSRUT�PS~�PSc;VWOQ];~8RUMr�U�UVYgNc¤P;gNMXT�f6R���]�~WRUP��?]�b;MXVYgw�UP¤];OQOQP;fNgw�
�eKNM�MQ�d�6]�gaRUV�PSg :�² P;Z ];h/VW]�`6]\�UVWO{®6faO��efa]\�eV�PSgaRQqCZeM�OQP;T�`aV�ga]��UVYP;g�P/OQOQfNZ?R=~W]\�UM�Z§VYg��-P��eMQgw�UVW]�~



à
x âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é
[nMQ~Y~YR�`6MsOQ]�f6R�M��UKaM��NKNP;�UP;g¥�eMQTX�6M�Ze]��UfNZeM�VWR�KNVYc;KNM�Z��UKNM�ZUM : JLKdfaR�q��eKNM�RUM��NKaP��UPSgaR{Ka]_^SM
Ka]Sh ~�MsRURL�eV�TXM��eP�Mr�/�a];gah : JLKNM�h/MQ~W]_x�VYg¤�UVYT�M{VWR=cSV�^SMQg `dx��UKaM�h/MQ�N�UK�P��8�UKaM��6P;�UM�gS�eVY];~Øq
δt/t = Φ.

� VYgaOQM��eKNM�RUO�]�~YM��¡];Or�UPSZ§cSZUP\[=R§];R
t

2

3

V�g��UKNMXT�]\�U�UMQZ�h/PST�VYga]��UM�h�ZUM�c;VYTXM;q-�UKNM
®af6O��Uf6]\�UVYP;g�V�g¥RUO�]�~YM��¡]SO��UPSZ§VWR c;VY^;M�g�`dx

δa/a = 2Φ/3.
JLKNVWR�R�KNV��3�{OQ]�g6OrMQ~WR �a]�ZU�§P;���UKaM

ga];V�^SM OQP;gw�UZeVY`Nf/�UVYP;g4q/~�Ms]_^wVYgNc
δT/T = Φ/3.Ê g¥�UM�ZUT�R P��¯�UKNM�T�]\�U�UM�Z�®afaO��efa]\�eV�PSg�q,�eKNM��UMQTX�-MQZ?]\�efNZUM�];gNVYRUP��eZUPS�dx¤O�]�g¥`6MX[�ZeV��U�UM�g

]SR
δT (n)

T
=

∑

k

2

k2τ2
δke

ik·nτ .

{ R�VYgNc{�eKNM�MQ�d�6]�gaRUV�PSg�P����N~W]�gaM�R�[L]_^;MsR�VYg�R��aKNMQZeVYO�]�~6Ka]�ZeTXP;gNVWOn�IfNgaOr�UVYP;gaR�qw�UKNM§T�fN~��UVY�6PS~�M
TXP;TXM�gS�?R�OQ];g�`-M�R�KaP\[�g��eP�`-M;q

a`m =

∫
δT (n)

T
Y ∗

`m(n)dΩ = 8π
∑

k

1

k2τ2
δki

`j`(kτ)Y
∗

`m(k̂).

² P;Z§]�RUO�]�~YM�VYgw^\];ZUVW]�gw�§RU�6MsO��eZUfNT¤qC[nM�OQ];g1[�ZeV��eM��UKaM��-P\[¯M�Z§RU�6MsO��UZefNT ];R
Pk ≡ |δk|2 =

Bkτ4/L3,
[�KNMQZeMLKa]_^;M¯�¡];Or�UP;ZeM�h�P;fN�8�eKNM=OrPSTXP\^wVYgNc§�UVYTXM=]�gah�[L]_^;MQgdfNT�`6M�Z8hNMQ�-MQgah/M�gaOrM

];gah��eKNM
L3 �¡]SO��UPSZ=];ReR�faZUMsR��eKa]\� B VWR=h/VYTXMQgaRUV�PSgN~YM�ReR : JLKNM�knm1o¦]�gNVWR�P;�UZeP;�dx�R��-M�Or�UZefNT�eKNMQg¤VWR

C` = |a`m|2 =
64π2

L3
B

∑

k

k−3j2` (kτ)Y`m(k̂)Y ∗

`m(k̂).

J8]�bdVYgNc¥�UKNM1~YVYT�V���]SR
L ⇒ ∞, �UKaM�R�faTûP\^;M�Z�TXPdhNM�R�`-M�OQP;TXM�R�];g}V�gw�eMQc;Z?]�~lq ∑

k
⇒

(L/2π)3
∫
d3k.

JLKNM�];gNc;fa~Y];Z§�a];Z��{P;���UKaVYR{VYgw�UM�c;Z?]�~*VYR �eZUVY^dVY];~*`wx1�UKNM�PSZ��eKNP;cSP;ga];~�V���x¤P��
�eKNM�R��aKNMQZeVYO�]�~CKa];ZUTXP;gaVYO�RQqd[�KNVWO?K¤~�Ms]_^;M�R�q

C` =
8B

π

∫
dk

k
j2` (kτ) =

4B

π`(`+ 1)
.

JLKNVWR�VWR��UKNM�ZeM�]SR�PSg�knm1oÌR��-M�Or�UZ?]¤]�ZeM�f6R�fa];~�~Yx1�N~YP��U�UMsh¥]SR
`(` + 1)C`

^SMQZ?R�f6R
`.
m1P;ZeM

cSMQgNM�Ze];~�~Yx;qw�IP;Z=]��-P\[¯M�ZL~Y]_[�h/MQgaRUV���x�R��-M�Or�UZefNT
Pk ∝ kn,

P;gNM{O�]�g¤R�KNP\[

C` ∝
Γ

(
`+ n−1

2

)

Γ
(
`+ n−5

2

) .
ta: � : ! »/Ç_À��-¼�ReÆ8Ã��6½��-¼U�6Èc�;¾MP#PØ»/½�¾M�6¼8È;É ³§gX~W]�Zec;M�]�gac;fN~W]�Z�ReOQ];~�MsRQq�cSZUMs]\�eMQZ8�UKa];g�]{h/MQcSZUM�M
PSZ*��[¯P6q��UKaM�®afaOr�Ufa]��UVYP;gaR�~�Ms];h/VYgNc��UP��eMQTX�-MQZ?]\�UfaZUM�];gNVWR�P;�UZeP;�NVYM�R*]�ZeM�P;fN�eRUVYh/M=�UKNM=KaP;ZeV�z�P;g
]����UKNM=�UVYT�M§P��,ZeM�OrPST�`NVYga]��UVYP;g : ­ Rnh/M�ReOrZeV�`-M�hX];`6P\^SM;q��eKNMQVYZ�ZeM�RUfN~��UVYgNc�RU�6MsO��eZUfNT�VWR��¡]�VYZe~�x�IMs]\�UfaZUM�~�MsRUR§V��¯�UKNMXfNg6h/MQZe~�xdVYgNc�VYgNV��UVW]�~�h/M�gaRUV���x1RU�6MsO��eZUfNTíO�]�g�`6M�h/MsRUOQZUVY`6Msh�]SR ]��-P\[¯M�Z
~W]_[ : ³§g¢RUT�]�~Y~�M�Z�ReOQ];~�MsRQq*KNP\[nMQ^SMQZsq4�eKNM T�P/h/MsR�K6]_^;M�Ka]Sh��UVYTXM��eP�M�^;P;~Y^;M�[�V��eKNV�g¢�UKNM
KNPSZUVYzQPSg��NZeV�PSZ��UP�~Y]SR��LRUO�]\���eMQZeV�gac : ³§g��UKNMsR�M RUO�]�~YM�R�q;�eKNM§];gNVWR�P;�UZeP;�NVYM�R¯]�ZeM�h/P;TXVYga]\�eM�h�`dx
�eKNMXV�gw�UZeVYgaR�VWO�]�gNVWR�P;�UZeP;�dx¤]�gah��UP¤] ~�MsRURUMQZ Mr�d�UM�gw��`dx¤�eKNM�µ�PS�N�N~YMQZ�M>.CM�Or� : ­ R{]�ZUMsR�fN~���q�eKNM{PSReOrVY~�~W]\�eV�PSgaRnP��F�UKNM{�NKaP��UPSg/ëì`a]�Zex;PSg�®afNVWh��e]�bSM�P;g�]�b;MQx�ZUPS~�~ :
y�ZeV�PSZL�UPXZeM�OrPST�`NVYga]��UVYP;g�qd�eKNM{�NKNP;�UP;g6R�]�gah�`a]�Zex;PSgaRL]�ZeM R��UZeP;gac;~Yx�OrPSfN�N~YM�h ]�gah��UKdfaR

]SO��¯]SR�]�RUVYgNc;~YM�®afNVWh : JLKNM�x��eKNMQg R�K6]�ZeML�UKNM�RU];TXM=^;M�~�P/OrV���x
vb = vγ

]�g6hX�UKNM�V�ZLh/M�gaR�V��UVYM�R
];ZUMXZeMQ~W]\�UMsh¥`wx��UKaM�];h/VW]�`6]\�UVWOXOrPSgah/V��UVYP;g��UK6]\���eKNM�gdfNT�`-MQZ�P����NKNP;�UP;g6R{�6M�Z�`a];ZUxSP;g¥VYR
îN�/Msh,q

δγ = 4δb/3
: JLKNVWR�®afaVYh�]SO��eR�];R�PSgNM{[�V��eK��NZeM�ReR�fNZeM 1

3ργ

qa`Nf/�§[�KNVYO?K�K6];R=h/M�gaRUV���x
ργ + ρb,

3

4
δ̇γ = δ̇b = −1

2
ḣ− ikvγ

(ρb +
4

3
ργ)v̇γ + ρb

ȧ

a
vγ = −

ikργ

3
δγ



é,ã,æ6å
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JLKNM{RU�6M�M�h P��*R�PSfNgah VYg��eKNVWRn®afNVWh�VWR

c2s =
δP

δρ
=

1
3 ρ̄γ

3
4 ρ̄b + ρ̄γ

=
1

3(1 +R)
,

[�KNM�ZUM
R ≡ 3ρ̄b/4ρ̄γ.JLKNM{^SMQ~YPdOQV���x�Ms�wfa]\�eV�PSg O�]�g¤`6M{ZeMQ[�ZeV����UM�g�f6R�VYgNcXV�g �eMQZeTXRLP;�4�eKNM�R�PSfNgah¤RU�6M�M�h ];R

v̇γ +
ȧ

a
(1− 3c2s)vγ +

3

4
c2sikδγ = 0.

k¯PST�`NVYgNVYgNc��UKaVYR�[�V��eK��UKNM�h/MQg6R�V���x¤MQ^;PS~�fN�UVYP;g¤M��wfa]��UVYP;g�q-[¯M�îagah¤�eKa]\�§�UKNM�h/MQgaRUV���x ]SO��eR
]SR�]��IPSZeOQM�h,qNha]�TX�6Msh Ka]�ZeTXP;gNVWO�PwRUOQV�~Y~W]\�UPSZ�Î

δ̈γ + c2sk
2δγ = −2

3
ḧ.

ü MQZeMX�IP;Z�RUV�TX�N~YVWOrV���x�[nM�Ka]_^;M�h/ZeP;�N�-M�h��eKNM�hN];T��aV�gNc¤�eMQZeT�RQq8[�KNVWO?K¥VWR�];�N�NZeP;�NZeVW]\�UM�VYg
�eKNM�Z?];h/VW]\�eV�PSg h/PST�VYga]��UM�h¸ZUM�c;VYT�MÍi

c2s ' 1/3.
p ² P;~Y~�P\[�VYgNc¢h/MsOrPSfN�N~YV�gNc6q��UKaM��NKaP��UPSgaR

�IZeMQMsR��eZUMs]�T ]�gah¸�UKNM�`a];ZUxSP;gaR��¡]�~Y~{V�gw�eP¢�eKNM��6P;�UMQgw�eVY];~ [nMQ~Y~WR�cSMQgNM�Ze]��UMsh}`dx}�UKNM�hN];ZUb
T�]\�U�UM�Z :

ta: � :�9S:k� nNô|� 3 óSó 5 ôQ÷4óNô 8 :\ò=< ³ ReOrVY~Y~Y]��UVYP;gaR-�IPSZF]Lc;VY^;M�g�[n]_^SMQgdfNT�`-MQZC`-MQcSV�g{[�KNM�g
kτcs ' 1];gah¤�UKaMQVYZ�RUfN`aRUM��wfNM�gw�§MQ^SP;~Yf/�UVYP;g�`6M�Ka]_^;MsR=ZeP;fNcSKN~�x�]SR

δ ∼ cos(kτcs + ψ)
: JLKNM��NKa]SR�M

PN.CRUMr��h/M��6M�gahNR{PSg��eKNM�V�gaV��eVY];~�OrPSgah/V��UVYP;gaR{];gah¥P;g¥KNP\[��eKNM��6M�Z��efNZe`a]\�eV�PSgaR�]�ZeM��IPSZeOQM�h,q
`NfN�=VYRn�¡];V�Ze~�x�V�gahNMQ�-MQgah/M�gw��P��F�UKNM{[L]_^;M�gwfaT�`-MQZ :
JLKNM�knm1o°]�gaVYRUP��eZUPS�NV�MsR=�NZeP;`-M��eKNM��UKNM�h/M�gaR�V���x ®afaOr�Ufa]��UVYP;gaR�]\�{]�îa�dMsh��eV�TXM;q

τrec.´�]SO?K�TXP/h/M�]��L�UKNVWR��eV�TXM{[�VY~�~F`6M�]���]�h/Vm.CMQZeMQgw�=�-P;VYgw�=V�g¤V��eR�PwRUOQV�~Y~Y]��UVYP;g�qNhNMQ�-MQgah/VYgNc�PSg
KNP\[�~YP;gNc��eKa]\�§T�P/h/M�Ka];R�`6M�MQg�VYgaR�VWh/M{�eKNM�KaP;ZeV�z�P;g : m�P/h/M�R4 �faR��§MQgw�eMQZeV�gNcX�eKNM�KaP;ZeV�z�P;g
];ZUM�`6M�c;VYgNgNVYgNc¤�UKaMQVYZ�îaZeR���OrPS~�~W]��aRUM�h/fNMX�eP cSZe]_^dV��e]��UVYP;ga];~8]����UZ?];Or�UVYP;g :�� ~YVYc;Kw�U~Yx�RUTX];~�~YMQZ
TXP/h/M�Rn[�VY~�~4Ka]_^;M Ka];h��UVYTXM��UP�OrPS~�~W]��aRUM§�UP�]��-P;VYgw��[�KNMQZeM �UKNM�V�Z��NZeM�ReRUfNZUM§[n]SRLR�f/¨�OQV�M�gS�
�eP¤�IP;Z?OrM�]¤`6PSfNgaOQM;q*]�gah¥[�VY~�~¯`6M�MQ�/�a]�gahNV�gNc¤`a]SO?b�];cS]�VYg : m1faO?K�R�T�]�~Y~YMQZ{[L]_^;MQ~YMQgac��UK6R
[�VY~�~,K6]_^;M�Ka];h��UVYTXM��IP;Z�T�fN~��eV��a~�M�OQP;TX�NZeM�ReR�VYP;gaRL];gah�Z?]�ZeMr�¡]SO��eV�PSgaR :
JLKNM{�-M�];bdRLVYg �UKNM�knm�o RU�6MsO��UZefNT�P;g¤RUO�]�~YM�R�RUTX];~�~YMQZn�eKa]�g�]�h/M�c;ZeMQM�]�ZeM�]SRURUP/OrVW]\�eM�h

[�V��UK¥�UKaPSRUM�[L]_^;M�gdfNT�`-MQZ?R=�eKa]\��K6]_^;ME �faR���ZeM�]SO?KNM�h1�UKNM��-M�];b�P;���UKaMQVYZ�OrPST��aZUMsRURUV�PSg1P;Z
Z?]�ZeMr�¡]SO��UVYP;g�]\�

τrec.
JLKNM��UM�ZUT�µ§P;�N�N~YMQZ��6Ms]�b/R{VWR�]¤`NV���P;�nTXVWR�gNPSTXMQZsq8RUV�g6OrM��eKNMQx¥]�ZeM

OQZUMs]\�UMsh�]\��TXVYgNVYTX]�]�g6hXTX]��/V�T�]�P;�C�UKNM�h/MQg6R�V���x�®6faO��efa]\�eV�PSgaRQqd[�KNM�ZUM=�UKNM§^;MQ~YP/OrV��UVYM�R¯]�ZeM
]SO��Uf6]�~Y~�x�zQMQZeP : JLKNM��eZUfNM§µ�PS�N�N~YMQZ�M=.-MsO���ZeM�RUfN~��UVYgNc��IZeP;TÌ�UKNM=^SMQ~YP/OrV��UVYM�R�h/PdMsR�OrPSgw�UZeV�`NfN�UM;q
`NfN�§V�� VWR§RUT�]�~Y~�M�Z=�eKa]�g��eKNM�VYgw�UZeV�g6R�VWO��NVYM�OQM�];gah�VWR

90◦
PSf/�§P;���NKa]SR�M :�Ê �§K6];R��UKNM�M>.CM�O��

P;�Fîa~Y~YV�gNc�fa���eKNM�RU�a];OQM{`6MQ��[¯M�MQg �UKNM�µ§P;�a�N~�M�Z=�-M�]�b/R�qNT�]�bdVYgNc��UKNM�h/VY�aR§R�Ka];~�~YP\[nMQZ¯�UKa];g
�eKNMQx�[nP;fa~Yh�`6M{P;�UKNM�ZU[�VWRUM :
·=P;�UM��UKa]����eKNMQZeM�VWR�]1�IfNZU�UKNM�Z�`N~YfNZeZUVYgNc�P����UKaM��-M�];b�R��UZefaOr�UfNZeM�ZeM�RUfN~��UVYgNc��IZeP;T �UKNM

�NZeP� �MsO��eV�PSg�P��F�UKNM�TXP/h/M�R¯�IZeP;T	�UKaZUM�M h/VYTXMQgaRUVYP;gaR�h/P\[�g��UP���[¯P : ´�];O?K
`
TXPdhNM ZeM�OQMQVY^;MsR

OQP;gw�UZeV�`af/�UVYP;gaR=�IZUPST ]�Z?]�gNcSM�P���[L]_^;M�gdfNT�`-MQZ?RQq-h/MQ�-MQg6h/V�gac�PSg��UKNMX]�gac;~YM�]\��[�KNVWO?K��UKNM
TXP/h/M�V�gw�eMQZ?R�MsO��eRn�eKNM�RU�NKNMQZeM�P��F�UKNM�RUbdx :

ta: �a: � �*T�½�Ã8Ä©ÈQÆ�Ä*�;½QÇ\ºFÅ�-8ÄSÆ¯Äw¼�-8È��-¼�Æ*»/Ç\»NÅjÄw½�ÄwÇ\È;É JLKNM��NKdx/RUVYO�]�~�M�^;P;~Yf/�eV�PSg�P��
knm1o¦]�gNVWRUP��UZeP;�aV�MsRnhNMQ�-MQgahNR§R�M�gaRUV��eV�^SMQ~Yx�P;g�]XgdfNT�`6M�Z=P���OrPwR�TXP;~YP;cSVYO�]�~C�a];Ze];T�MQ�UM�ZeR :�Ê �
PSgNM{];ReR�fNTXMsR�]�RUVYT��a~�M��IPSZUT��IP;ZL�UKaM{V�gNV��UVW]�~4�6M�Z��efNZU`6]\�UVYP;g6RQqd�eKNMQg�TXM�]SR�faZUM�T�M�gw�eRnP��8�UKNM
knm1o ]�gNVWR�P;�UZeP;�NVYM�RLO�]�g `6M{faRUM�h��UP�OQP;gaR��UZ?]�VYg��eKNM�OrPwR�TXPS~�PSc;VWOQ]�~-TXP/h/MQ~ :



á;� âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é
ta: �a:�9S:� EH l 5 ô=q 6 ñWò�ö 8�H õeô¯÷Uô 5/8 öØñ 3�H <§JLKNM��NKNP;�UP;gNël`a];ZUxSP;g§PSReOrVY~�~W]\�eV�PSgaRC�NZeP\^wVWh/M�]LfaRUMr�IfN~S�NKdx/R�ë
VWOQ];~�xS];ZehaR��eVYO?b��IP;Z��UKNM�M�];ZU~Yx�fagNV�^SMQZ?R�M : onx�bdgNP\[�V�gac1[�KNMQgÍ~Y]SR��XRUO�]\�U�UMQZeVYgNc1P/OQOQfNZUZeM�h�q
[nM�OQ];g¥VYg/�IM�Z{�UKNM��UP��?]�~�OQfNZe^_]��UfNZeMXP��L�UKaM�fNgNVY^;M�ZeRUM��IZUPSTí�UKaM�]�gNcS~�MQëìhNVYR��e];gaOrM�ZUM�~Y]��UVYP;g :
JLKNM�OQP;TXP\^dV�gNc¥�eV�TXM�P�� ZUMsOrPST�`NVYga]\�eV�PSg�q¯]SRURUfNTXVYgNc�V���Ka];�N�-MQgaR�RUf/¨�OrVYMQgw�e~�xË]\�3�UM�ZX�UKNM
T�]\�U�UM�Z�ëìZe]Sh/VW]\�UVYP;g�M��wfa];~�V���x;q�VWR�cSV�^SMQgX`dx

τrec = 2H−1
0

√
Ω−1

m (arec/a0).
Ê g�] ®6]\�sq;T�]\�U�UMQZ

h/PSTXV�ga]��UMsh�fNgaV�^SMQZ?R�MSq\�UKNM=OQP;TXP\^dV�gac h/VWR��e]�g6OrML�UP��eKNM�~W];R���ReOQ]����eMQZeV�gNc{RUfNZU�¡];OrMLVWR�c;VY^;M�g�`dx
rrec ' τ0 = 2H−1

0

√
Ω−1

m ,
RUP��eKNM�]�gNcSfN~Y];Z8ReOQ];~�MLP;�a�UKaMLRUP;fagah�KNPSZUVYzQPSg�]��*~W];R���RUO�]\�U�UMQZeVYgNc

VWR
θ = csτrec/rdec = cs

√
arec/a0 ' 1◦.Ê �L�UKNM�fNgNVY^;MQZ?RUM�VWR{PS�6M�g�q4�eKNM�OQP;TXP\^dV�gNc�h/VWR��e]�g6OrMX�UP¤�eKNM�~W];R���RUO�]\�U�UMQZeVYgNc�R�fNZU�¡];OQM�VYR

gNP�~�PSgNc;M�Z�Ms�Sf6]�~F�UP��eKNMXOrP;TXP\^dVYgNcX�UVYTXM�RUV�g6OrM�~Y]SR���RUO�]\���eMQZeV�gacaq-`Nf/��VYR§c;VY^;M�g1`dx
rrec =

2H−1
0 Ω−1

m .
JLKaMQg �UKNM�ZUM�~�M�^_];gw��];gNc;fa~Y];ZLReOQ];~�M�VWR

θ = cs
√

Ωm(arec/a0)
: i Ê �F�eKNM�T�]\�U�UMQZ

h/M�gaRUV���x¥VYR�R�fN¨�OQV�M�gw�U~Yx�~YP\[��eKa]\���UKNM�TX]����eMQZUëlZ?];h/VW]\�eV�PSg¥�UZ?]�gaRUV��eV�PSg�VYR�OrP;g6OrfNZeZUM�gw��[�V��eK
ZeM�OQP;T�`aV�ga]��UVYP;g�qs�eKNMQg��UKaVYR�[�VY~Y~NR�KNV��3���UKaMLOQP;TXVYgNc �UVYT�M�P;�6~W];R���RUO�]\���eMQZeV�gac RUP;TXMQ[�K6]\� : |�M
Ka]_^SM§gaMQc;~YM�Or�UMsh��eKNVYR=M>.CM�O��=KaMQZeM : p
² V�g6]�~Y~�xSqQ�IPSZ�fNgNVY^;M�ZeRUM�RC[�V��UK�]�OQPSRUT�PS~�PSc;VWOQ];~_OQP;gaR��e];gw��q

rrec ' τ0 = 2H−1
0 Ω

−1/2
m F (Ωm),[�KNM�ZUM��UKaM Kdxd�-MQZUëlcSMQP;TXMQ�UZeVYO��IfNgaO��eV�PSg

F (Ωm)
VYRX]�R�~YP\[�~Yx¸iI~YP;cS];ZUV��UKaT�VWOQ];~�~YxNp�^\];ZUxdVYgNc

�IfNg6O��UVYP;g�P����UKaM�T�]\�U�UMQZ�h/M�gaR�V���x;qCZ?]�gNcSV�gacX�IZUPST 9
(Ωm = 1)

�UP �N: Y
(Ωm = 0.1).

JLKdfaR
�eKNM¯];gNc;fN~W]�Z8RUO�]�~YM�P��/�eKNM¯µ§P;�a�N~�M�ZF�-M�];b/R4VWR��¡];V�Ze~Yx§VYgah/M��6M�gah/MQgw�*P��/�eKNM�T�]\�U�UM�Z8h/M�gaRUV���x �IP;Z
®6]���fNgNVY^;M�ZeRUM�R�q�`Nf/�¯V��¯O�]�gX`-M�V�gaOQZUMs];RUM�hXRUP;TXMQ[�Ka]��*�IP;Z�~W]�Zec;ML^\]�~YfNM�R�P��-�UKNM�OQPSRUTXP;~YP;c;VWOQ];~
OQP;gaR��e];gS� :
ta: �a: � :]\�8 ölö ôr÷ 6 ô H ò�ñ3öM�N< ­ gNP;�UKNM�Z�VYT��-P;ZU�e];gw�,�¡];O��eP;Z,VYg{c;M�gNMQZ?]\�eV�gNcn�eKNM¯knm1o¥]�gNVWR�P;�UZeP;�NVYM�RVWR��eKNM¥�NZUMsR�M�gw��T�]\�U�UMQZ�h/M�gaRUV���x : �4P\[¯M�ZUVYgNc��eKNM�T�]����UM�Z hNMQgaRUV���x}T�];b;M�R��UKNM��UVYTXM�P��
Z?];h/VW]\�eV�PSg/ëìTX]����eMQZ�Ms�wfa]�~YV���x�~W]\�eMQZsq

zeq = 2.3× 104Ωmh
2 : JLKaVYRnM>.CM�Or�eRL`-P��eK��eKNM��IPSZeOQV�gac�eMQZeT��IPSZ=�UKaM��NKNP;�UPSg/ël`6]�Zex;P;g¤PwRUOQV�~Y~Y]��UVYP;gaR�]�gah �eKNM�OQP;gw�UZeV�`af/�UVYP;gaR=�IZUPST��UKNM�V�gw�UM�c;Z?]\�eM�h

� ]SO?KaR�ël|¥P;~��IM�M>.CM�O�� : JLKNM��IPSZeOQV�gac��eMQZeT�VWR=R��UZeP;gNcSMQZLgNM�];Z�Ze]Sh/VW]\�UVYP;gNëlT�]\�U�UM�ZnMs�wfa]�~YV���xSqaRUP
�eKNM{KNMQVYc;Kw�?RLP��4�eKNM�µ§P;�N�N~YMQZ��-M�];b/R�]�ZeM KaV�cSKNMQZ�[�KNM�g��eKNM{T�]\�U�UMQZ§h/MQgaRUV���x�VYR=~�P\[nMQZ :
ta: �a: �a:�¡E8 ÷�� 3�H�6 ô H ò�ñ3öM�N< ² V�ga];~�~Yx;qS�UKaM��NKdx/R�VWOQ];~N`a];ZUxSP;gXh/MQgaRUV���x;q

Ωbh
2,
VYR¯]�~WR�P�OQZUV��UVWOQ];~N�eP

�eKNM�MQ^SP;~Yf/�UVYP;g¥P��¯�UKNM�TXVWOrZeP\[n]_^SM�]�gaVYRUP��eZUPS�NV�MsR :�¬ MsOQ];~�~*�eKa]\�{�eKNM��NKNP;�UPSg/ël`6]�Zex;P;g1®afNVWh
]SO��eR§];R=]�®afNVWh�[�V��eK1�NZeM�ReR�faZUM

p = ργ/3
];gah�h/M�gaR�V���x

ρ = ρb + ργ
q,R�PX�eKa]\� V�g6OrZeM�];RUVYgNc

�eKNM�`a];ZUxSP;g��IZ?];O��eV�PSg�]\�nZUMsOrP;T�`NVYga]\�eV�PSg�TX];b;MsR��UKaM=®afNVWh�KNMs]_^dV�M�Z : JLKNVWR¯O�]�faRUM�R��UKNM�®afNVWh
�eP�OQP;TX�NZeM�ReR*TXP;ZeMn];gah�`6PSfNgaOrM�`6];O?b{~YM�ReRQqwR�KNV��3�UVYgNc��eKNM�M>.CM�Or�UVY^;MLzQM�ZUP��-P;VYgS��P;�a�eKNM�PSReOrVY~�ë
~W]\�eV�PSgaR�R�PX�eKa]\�

δcompression > δexpansion.
JLKwf6RL�UKNM�iIP/hNhap�µ§P;�a�N~�M�Z=�-M�]�b/R=]SRURUP/OrVW]\�eM�h

[�V��UK��eKNM�OQP;TX�NZeM�ReR�VYP;gX[�VY~�~-`6M§KNVYc;KNM�Z��UK6]�gX�UKaPSRUM�];ReR�P/OQVY]��UM�h�[�V��UK��eKNM�Z?]�ZeMr�¡]SO��eV�PSg¤iI�UKNM
M�^;MQg gdfNT�`-MQZeM�h��-M�]�b/R?p :
­ gaP��UKaMQZ8M>.CM�O��*P��NVYgaOQZUMs];RUV�gNcL�eKNM�`6]�Zex;P;g�hNMQgaRUV���x�VWR��eKa]\�F�UKNMnR�PSfNgah�RU�-MQM�h�VYRF~�P\[nMQZeM�h�qRUP¤�UKa]����eKNM��-M�];b¥R��UZefaO��efNZeM�OQ];g�`6M R�KNV��3�UMsh :�ü P\[¯M�^;MQZsq��eKNVWR�M=.-MsO���VWR{�¡];V�Ze~Yx¥RUT�]�~Y~¯];R

c2s = R/3(1+R),
[�KNMQZeML�UKNM�Ze]��UVYP VWR*��xd�NVWOQ];~�~Yx

R = 4ρ̄γ/3ρ̄b ∼ 3−4
]���ZUMsOrP;T�`NVYga]\�eV�PSg

V��6gdfaOQ~�M�PSRUxwgw�eKNM�RUVYR8VWR�OrPSZUZeM�Or� :F� f6O?K�] KNVYc;K�^\]�~YfNMLT�Ms]�gaR8�eKa]\�*�eKNML`a]�Zex;PSg�h/M�gaR�V���x�gNM�M�hNR
�eP�`-M�O?Ka];gNc;Msh�]�c;ZeM�]��LhNM�]�~C�eP�M>.CM�Or���UKNM�RU�6M�M�h�P���R�PSfNgah :
ta: _ : & »NÅ�Æ*¾¡¼8Á�Ä"��Ä*��½�ÈSÉ ­ R*h/VWRUOQfaRURUM�h�]�`-P\^;M;q_h/V/.-f6R�VYP;g�M>.CM�O��?R*hN]�TX��PSf/�F�eKNMLR�T�]�~Y~YM�R��ReOQ];~�MnTXPdhNM�R :FÊ g�];hah/V��eV�PSg�q\�eKNM�P;`aRUMQZe^;Msh{�eMQTX�6M�Ze]��UfNZeM�]�gNVWRUP��UZeP;�aV�MsRF];ZUM�]�~WRUP§`N~YfNZeZUMsh�`dx
�eKNM*îagNV��UM��eKNVWO?bwgaM�ReR,P��w�UKNM�~Y]SR��4ReOQ]����UM�ZUVYgNc�RUfNZ��¡]SOrM : JLKNM�RUM�M>.CM�Or�eR4~�Ms];h§�UP=];g MQ�/�6PSgNMQgw�UVW]�~
RUfN�N�NZeM�ReRUV�PSg�P��F�UKNM{KaV�cSK

`
TXPdhNM�R�q/�IP;Z�[�KNVWO?K

k∆τrec ≥ 1.

ta: vN: � Ã8Ä¤¾¡¼C½sÄwÁ6Ç\»/½�Ä*- � »��sÃ8È=R � �QP¡¿ìÄ Ä9�¯Ä"�;½;É JLKNM�VYgw�UM�c;Z?]\�UMsh � ]SO?KaR�ëì|¥P;~��IM�OrPSgS�eZUVY`Nf/ë
�eV�PSgX];ZUVWRUM�R*]�~YP;gNc �eKNM=�NKNP;�UPSg��6]\�UK��IZeP;TÌ~Y]SR���ReOQ]����UM�Z*�UP��ePdha]_x;q�[�KNM�g�V����6];ReR�MsR8�UKNZeP;fNcSK



é,ã,æ6å
�{ã,é�æ��Cå1çaã����LèWç��LèWçaâaã������,å¤ä
�6ç����,âaã��CéCê á?à
]��UVYT�M�^\]�ZexdV�gNc�c;Z?]_^dV��?]\�UVYP;g6]�~��-P��eMQgw�UVW]�~ : ´|.-MsO��eV�^SMQ~Yx;qC�UKaM��NKaP��UPSg�ZeM�OQMQVY^;M�R§]�RUKNV��3� `-Mrë
O�]�faRUM��eKNM��-P��eMQgw�UVW]�~LV����¡];~�~WR�V�gw�eP�VWR�hNVm.CMQZeMQgw���IZUPST��eKNM¤�6P;�UM�gS�eVY];~¯V���T�faR���Or~YV�T�`¢P;fN�
P;� :
² PSZ��UKaM�c;ZeP\[�V�gNc¥TXP/h/M�h/fNZeVYgNc¥�UKNM1T�]����UM�Z�h/PST�VYga]��UM�hËM��6P/O?K�qn�UKaM�c;Z?]_^wV��e]��UVYP;ga];~

�-P��eMQgw�UVW]�~�VWR{];Or�Ufa];~�~Yx1OrPSgaR��?]�gw�{`6MsOQ];faR�M��UKaM�c;ZeP\[L�UK�P;�¯�-MQZU�UfNZe`a]��UVYP;gaR �NZeM�OQVYRUMQ~Yx1OrPST�ë
�-MQgaRe]\�eM�R8�IPSZ��UKNM=hNM�OrZeM�]SR�VYgNc�TXM�];g�M�gNMQZec;x�h/MQgaRUV���x;qSRUP �UKa]��

δρ = ρ̄δ
VWR�OrPSgaR��e]�gw� : JLKdfaR�q

�eKNM Ê�� | M>.CM�Or�XOQP;gw�UZeVY`Nf/�UVYP;gÍVYR�TXPSR��XV�TX�-P;ZU�e]�gw�X`6MQ�IP;ZeM��eKNM TX]����eMQZUëlZ?];h/VW]\�eV�PSg��UZ?]�g/ë
RUV��eV�PSgÍPSZ�]\�3�eMQZ�T�]\�U�UM�Z�h/P;TXVYga]\�eV�PSgËM�gahNR�i¡V����UKaMQZeM�VYR�]�OQPSRUT�PS~�PSc;VWOQ];~nOQP;gaR��e];gS��PSZ�]
�wfNVYgw�UM�ReRUMQgaOQMLîaMQ~Wh : p�JLKNM=�IP;ZeT�M�Z�M>.CM�Or�¯VYg/®afNM�gaOrMsR��eKNM=KNM�V�cSKS�?R�P��C�eKNM=îaZ?R����IMQ[}µ§P;�N�N~YMQZ
�-M�];bdR�q-[�KNV�~YM��UKNM�~Y]����eMQZ�OQ]�g¥OrZeM�]��UM�]ShNh/V��UVYP;ga];~4®af6O��Uf6]\�UVYP;g6R§PSg1^;M�ZUx ~W]�Zec;M�ReOQ];~�MsR�i¡V : M :
]��L~YP\[

`.
p

JLKNMX~W]�Zec;MXRUO�]�~YM�MQ�/OQM�ReR �6P\[nMQZ�ZeM�RUfN~��eV�gac��IZeP;T ]¤OQPSRUT�PS~�PSc;VWOQ];~FOrPSgaR��e]�gw��VYR�K6]�Z?h1�eP
^SMQZeV��Ix�h/VYZeM�O��e~�x�h/fNML�ePwP{OQPSRUT�VWOn^\]�ZeVY];gaOrM :Fü P\[nMQ^SMQZsq\V���T�]_x�`-M�TXM�]SR�fNZeM�h�VYgah/VYZUMsO��U~Yx�^dVW]
OQP;ZeZUM�~Y]��UVYP;gaR�P;���UKaM�knm1o [�V��UK��UKaM�~YP/OQ]�~8T�]\�U�UMQZ{h/VWR��UZeV�`NfN�UVYP;g : JLKa]�� VWR�q-T�]����UM�Z�[�V��eK
]�T�Ms]�g�ZUMshNR�KaV��3� P��

z ∼ 1.
y*PSReR�VY`N~YM��NZeP;`-M�R��IP;Z �UKaVYR�R��UZefaO��efNZUM�V�g6Or~Yfah/M��UKNM�Ze]Sh/VYP�]�g6h

�dëìZe]_xX`a]SO?bwcSZUPSfNgahNR :
ta: ua: � Ä*��½c�aÇ�»N¼�-�½sÄd¼FÈc�aÇ�ÅU��-8ÄdÈ;É W�MsO��eP;Z�TXP/h/MsR�]�g6h�c;Z?]_^wV��e]��UVYP;ga];~*Ze]Sh/VY]��UVYP;g�OQ];g
];~YRUP�OrP;gw�eZUVY`Nf/�eM*�UPL�UKaM�R�VYc;gaV�î6O�]�gw�U~Yx=�ePL�UKNMLknm1o�];gNVYRUP��eZUPS�NVYM�RC^dVY]¯�eKNM�VYgS�eMQcSZe]��UM�h � ]SO?KaR�ë
|¥P;~��IM§M=.-MsO�� :8Ê g��UKNM{];`aR�M�gaOrM§P��FRUP;faZeOQM�R��IPSZ��eKNM�RUM T�P/h/MsRQqd^SM�O��eP;Zn�6M�Z��efNZe`a]\�eV�PSgaR¯hNM�OQ]_x
]_[L]_x1�wfNVYO?bd~Yx;q

hv ∝ t−1.
JLKNM�RUM�]�ZeM�gNP���MQ�/�6MsO��UMsh¥�UP1`-M�VYTX�6PSZ��?]�gw�{�IP;Z�VYg/®6]��UVYP;ga];ZUx

ReOrM�ga]�ZeV�PwRQqC`NfN��OrP;fa~Yh��NZeP\^;M�VYTX�6PSZ��?]�gw�{V��n�UKaMQZeMX];ZUMX];Or�UVY^;MXR�PSfNZ?OrM�R§�IPSZ �-MQZU�UfaZU`a]��UVYP;gaR
RUfaO?K¤];R�OrPwR�TXVWO�h/Mr�IMsO��eR :
ï Z?]_^wV��e]��UVYP;ga];~C[n]_^SM�RnP;`-MQx��eKNM{´�VYgaR��UMQVYg¤M��wfa]��UVYP;g�q

ḧT
ij + 2

ȧ

a
ḣT

ij + k2hT
ij = −16πGΘT

ij .

Ê g��eKNM�];`aRUMQgaOQM�P���RUP;fNZ?OrMsRQqN�UKNMXR�PS~�fN�UVYP;gaR=�UP��eKNVYR ]�ZeM�cSV�^SMQg�`dx�R��NKaMQZeVYO�]�~4onM�ReRUMQ~��IfagaO�ë
�eV�PSgaRQq,V : M :

hT
ij ∝ j1(kτ)/kτ

V�g��UKaM�T�]����UM�Z{h/P;TXVYga]\�eM�h�ZUM�c;VYT�M : JLKNMsR�M��UM�gaRUP;Z�TXPdhNM�R
];ZUM��IZeP;z�MQg�VYg�PSf/�eRUVYhNM=�UKaM�KNPSZUVYzQPSg�qS`af/�nh/MsOQ]_x�]_[L]_x��wfNVWO?bw~Yx�fN�6PSg�M�gS�eMQZeV�gac : JLKwf6RQqS�UKNM
�eMQTX�6M�Ze]��UfNZeM�]�gaVYRUP��eZUPS�NV�MsRL�IZeP;T�c;Z?]_^wV��e]��UVYP;ga];~CZe]Sh/VY]��UVYP;g�]�ZeM{�NZeM�h/PSTXV�ga]��UM�~�x P;g1ReOQ];~�MsR
�eKa]\� [¯M�ZUM�PSf/�eRUVWh/M��eKNM�KNPSZUVYzQPSg1]\�§hNM�OrPSfN�N~YV�gac :�Ê ���eKNM�ZeMQ~W]\�eV�^SM�OrPSgw�UZeV�`NfN�UVYP;g�P����eMQgaRUP;Z
®af6O��Uf6]\�UVYP;g6R4�eP �UKNM�]�gaVYRUP��eZUPS�NV�MsR¯i

T/S ≡ CT
2 /C

S
2

pFVWR�R�T�];~�~lq_�UKNM�g��UKNMsR�MLOQ];g�`-M�h/V�¨�OQfN~��
�ePXhNMr�UMsO��=`-M�O�]�faRUM�P���OrPSRUTXVYO ^\]�ZeVW]�gaOQM :
ta:��/: � Èc���Sº4ÇoON»/½sº4Ç\ÄX»N¼�-�-8Äw¿ìÄ*��½§ÅU��-8Ä"PØÈ;É JLKdfaR4�¡]�Z8[nM�Ka]_^SM�`6M�MQg��IPdOQfaRUV�gNc �NZeV�T�];ZUVY~�x
PSg�]Sh/VW]�`a]��UVWO�OrfNZe^\]\�UfaZUM*®af6O��Uf6]\�UVYP;g6RQqs[�KNVWO?K�]�ZeMF®6faO��efa]\�eV�PSgaR�VYg��UKNM�P\^;MQZ?]�~Y~\h/MQg6R�V���x;q_`Nf/�
[�KNM�ZUM��UKNM ZeMQ~W]\�UVY^;M�gwfaT�`-MQZ?R�P;���UKNM�h/V/.-M�ZUM�gw�n�a];Z��eVYOQ~�M R��-M�OQV�MsR¯];ZUM§fNgNV��IP;ZeT��UKNZeP;fNcSKNP;fN�
RU�a];OQM�iIM : c : 3

4δγ = δb = δc
: p�|�M�O�]�g1];~YRUP�OrPSgaR�VWh/M�Z=VYRUP/OrfNZe^\]\�efNZUMSqNP;Z�MQgw�UZeP;�dx;qa�6M�Z��efNZ�ë

`a]��UVYP;gaR�qNVYg1[�KNVWO?K¤�UKNM�h/MQgaRUV���x�P;�*T�]����UM�Z�PSg1R�fN�-MQZeKNPSZUVYzQPSg ReOQ];~�MsR�VYR�fNgNV��IP;ZeT¤qa`Nf/�§�UKNM
ZeMQ~W]\�eV�^SM h/M�gaRUV��eV�MsRLP��*�a]�ZU�UVWOr~YM{R��-M�OQV�MsRn®afaO��efa]\�eM :
JLKNM�ZeMQ~W]\�eV�PSg�`-Mr��[nMQM�g��eKNMX�UM�TX�6M�Ze]��UfNZeM�]�gNVWRUP��UZeP;�aV�MsR ];gah��UKNM�];TX�N~�V��Uf6h/M�P��L~Y];ZUcSM

ReOQ];~�M�R��UZefaO��efNZUM�VWR�RUV�cSgNV�î6OQ];gS�e~�x�h/V/.-M�ZUM�gS���IPSZ�VWR�P/OrfaZU^\]\�efNZeM¯®6faO��efa]\�eV�PSgaR :*¬ MsOQ]�~Y~/�eKa]\��PSg
~W]�Zec;M�ReOQ];~�MsRQq_];h/VW]�`6]\�UVWO*�-MQZU�UfNZe`a]\�eV�PSgaR��aZUMsh/VYOr�

δT/T = Φ/3.
ü P\[nMQ^;M�Z�qQ�IP;ZFVYRUP/OrfNZe^\]\�UfaZUM

TXP/h/M�R=�UKNMXOrPSZUZeM�RU�-P;gah/VYgNcX�eMQTX�6M�Ze]��UfNZeM{®af6O��Uf6]\�UVYP;g�VYR§KNVYc;KNM�Z�q
δT/T ∼ 2Φ.

JLKdfaR��IP;Z
]{cSV�^SMQg�];TX�N~�V��Uf6h/M�P;�8knm1o©]�gNVWR�P;�UZeP;�NVYM�R�q��eKNM�~W]�Zec;M§RUO�]�~YM�R��eZUf6O��UfaZUM§�NZUMsh/VWO��UMsh�VWR�T�faO?K
~YP\[¯M�Z�V�g�VWR�P/OQfNZU^\]��UfNZeM��UKNM�P;ZeV�MsRQq8]�gah�RUP¤~Y];ZUcSM�`NVY]SR �¡];Or�UP;Z?R�];ZUMXc;M�gNMQZ?]�~Y~Yx1ZUMs�wfNV�ZeM�h��eP
MQ�d�a~Y];V�g��UKNM{PS`aRUMQZe^_]��UVYP;gaR :
JLKNM¤�NKa]SR�M P��§�UKNM��aKNP��eP;g/ëì`a]�Zex;PSg�PSReOrVY~�~W]\�eV�PSgaR�V�gËVWR�P/OrfaZU^\]\�efNZeM�TXP/h/MQ~WRXVYR�RUKNV��3�UMsh

ZeMQ~W]\�eV�^SM��eP¤�UKa]���V�g�]Sh/VY];`a]\�eVYOXTXP/h/M�~YR : JLKNVWR{VWR{`6MsOQ];faR�MX�eKNM�PwRUOQV�~Y~Y]��UVYP;gaR�];ZUMXVYgNV��eVY];~�~Yx



áeá âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é
gNP;�{P�.,R�MQ��PSf/�eRUVWh/MX�UKNMXKNPSZUVYzQPSg�q�`NfN��]�ZeM�R��e];Z��eM�h�[�KNMQg¥�UKaM�T�P/h/MsR�MQgw�UM�Z��UKNM�KaP;ZeV�z�P;g
h/faM��eP��eKNM�VWRUPdOQfNZe^_]��UfNZeM��IPSZeOQV�gac��UM�ZUT : JLKdfaR��UKNMXTXP/h/M�R ]�ZeM�];�N�NZeP_�/V�T�]\�eMQ~Yx

90◦
P;fN�

P;�F�NKa]SR�M�[�V��UK �UKaM�];h/VW]�`a]��UVWO ZUMsR�fN~�� :
ta: Ya: 
 �-È�Åj¾M�¢-8Äw¿ìÄ*��½�»N¼8¾¡Èc�a½�Ço�6Æ*¾¡ÄdÈ;É k¯PSRUTXVYO�h/MQ�IM�Or�eR�];ZUM�M=.-MsO��eV�^SMQ~Yx¦VWR�P/OQfNZU^\]��UfNZeM
�-MQZU�UfNZe`a]��UVYP;gaR�[�V��eK¦];g¦];Or�UVY^;M¥R�PSfNZeOQM�[�KNPwR�M�MQ^SP;~Yf/�UVYP;g¸VWR gNP;gNël~YV�gaM�]�Z : JLKNM�R�PSfNZeOQM
VWRXTXPSR��XVYTX�6PSZ��?]�gw�� �faR���]\�3�UM�ZX�UKNM¤TXP/h/M�RXM�gw�UMQZX�eKNM�KNPSZUVYzQPSgÍ]�g6hj�eKNM1h/Mr�IMsO��?RX`6M�c;VYg
�eP�R��eZe];V�cSKw�UMQg¤�eKNMQT�RUMQ~Y^;MsR : JLKNM�gNPSg/ëì~�VYgNM�];Z=MQ^SP;~Yf/�UVYP;g�P;���UKNVWR �NZePdOQM�ReR�TXM�];gaR=�eKa]\�§�UKNM
RUP;fNZ?OrM�VWR�gaP���OQP;KNM�ZUM�gw��q*]�gah¥�eKNM�h/MQ�IM�Or�eR�[�VY~Y~nRUP;fNZ?OrM�TXP/h/MsR�VYg¢R�PSTXM�ZUM�c;VYP;gaR�`6MQ�IP;ZeM
P;�UKNM�ZeR : ­ R�]�ZeM�RUfN~���qL�UKaM�µ�PS�N�N~YMQZ��-M�];bËR��UZefaOr�UfNZeM�P����UKaM�RUO�]�~W]�Z�RU�-M�O��eZUfaT�O�]�g©`6MRUTXPwP;�UKNMsh�PSf/��V�g�h/MQ�IM�Or�=T�P/h/M�~YR :
y�ZeP;`a];`N~Yxj�UKaM1TXPSR���V�TX�-P;ZU�e]�gw��M=.-MsO���P;�§�eKNM�]SO��UVY^;M1hNMr�IM�Or��RUP;fNZ?OrMsRXVYR��UKa]����UKNM�V�Z

^SM�O��eP;Z�]�gah1�UM�gaR�PSZ{]�gNVWR�P;�UZeP;�NVYM�R ]�ZeM���xd�NVWOQ];~�~Yx1OrPSTX�a]�Z?]�`N~YM��eP �UKNM�ReOQ]�~W]�Z ]�gNVWRUP��UZeP;�aV�MsR
];gah�O�]�gNgNP;� `-M�gNMQcS~�MsO��UMsh : JLKNMsR�M�[�VY~�~�cSZUMs]\�U~Yx V�gaOQZUMs];RUM��eKNMX~Y];ZUcSM�ReOQ]�~YM��-P\[nMQZ�V�g��UKNM
knm1oÌR��-M�Or�UZefNT¤qF`af/��[�VY~�~�gNP���]�.-MsO����eKNM�RUT�]�~Y~�RUO�]�~YM�R��eZUf6O��UfaZUM : JLKdfaR�q4�eKNM�µ§P;�N�N~YMQZ
�-M�];bjR��eZUfaOr�UfNZeM�R�q�V����UKaMQxjh/P¥Mr�/VWR��sq�[�V�~Y~�`-M RUfN�N�NZeM�ReRUM�hjZeMQ~W]\�eV�^SM��eP��eKNM�k�³ on´�RUO�]�~YM
];gNVYRUP��eZUPS�NVYM�R :

9s�N:E£�ÿQ��þNAc¤FH3>��}@^�4þ�`a¥Ud¦$"'wE4G6@,E��d@,HIB4>��
9s�N:Y9;: 
 �-ÈsÅj¾#�kON»NÇ_¾Ø»N¼��;Ä-É�Ê �F�eKNM ®afaO��efa]\�eV�PSgaR�]�ZeM{ï�]�faReR�VW]�g4qd�UKNM�T�fa~��eV��-P;~YM{TXP;TXMQgw�eR
];ZUM�];~�~ VYgah/MQ�-MQg6h/MQgw� : m�Ms];RUfNZUM�TXMQgw��P;�{�UKNM�OrPSZUZeMQ~W]\�eV�PSgÍ�IfagaO��eV�PSg¸VYR��IfNg6hN]�TXMQgw�?]�~Y~�x
~YV�TXV��UMsh�`dx �UKNMn�¡];Or�4�eKa]\�*[¯MnP;`6R�M�ZU^SM�P;gN~Yx�P;gNMnR�bdx : JLKNMn�6P\[nMQZ8R��-M�Or�UZefNT

C`
VWR*h/VWRUOQZUMQ�UM;q

];gah¢Ms];O?K
`
^\]�~YfNM¤VWR�RU];TX�N~�Msh¢PSgN~Yx

2` + 1
�eV�TXMsR : JLKNVWR�ZeM�RUfN~��eRXVYgË];gËfagNZUMsR�PS~�^\];`N~�M

fNg6OrMQZU�e];V�gw��x�V�g��UKNM R��-M�Or�UZefNT	T�Ms];RUfNZeMQTXMQgw��P;�
δC` '

√
2C`/(2`+1)

1

2 .
JLKaVYR�VYR¯bdgNP\[�g

]SR�õ 3 ò�ù�ñ¡õeB 8 ÷�ñ 8�H õeôc<
9s�N: � : � ¾¡Á-ÃFÄwÇu�6Ç�-FÄwÇ�Ä"��Ä*��½sÈ;É ·=P;gNël~YV�gaM�]�Z�M>.CM�O��?R�O�]�gj]�~WRUP��NZUP/h/f6OrM�];gNVYRUP��eZUPS�NVYM�R�VYg
�eKNM=TXVYOQZUP\[L]_^;Mn`a]SO?bwcSZUPSfNgah�]�gah��eKNM�RUM�];ZUM�faRUfa];~�~Yx�VYTX�6PSZ��?]�gw�¯]\�nR�T�]�~Y~YMQZ�ReOQ];~�MsR�i

< 0.1h/M�c;ZeMQMsR : p ü P\[nMQ^;M�Z�q,V��LgNP;gN~YVYgNM�];Z{M>.CM�O��?R{~YM�];h��eP¤�UKNM�fNgaV�^SMQZ?R�MX`-MQVYgNc�V�PSgNVYzQM�h�]���KNV�cSK
M�gNP;fNcSK�ZeM�hNRUKNV��3�eR�q/�UKaM{MQgw�UVYZUM�knm1o¦R��-M�Or�UZefNT�O�]�g `6M�h/Z?]�T�]��UVWOQ]�~Y~Yx�]�~��UMQZeM�h :
ü VYc;KaMQZ�PSZehNMQZ�M>.CM�Or�eR�OQ]�g}�aZUP/h/faOQM1]�gNVWRUP��UZeP;�aV�MsR�]\��~W]\�eM��UVYTXM�R�q�P;gaOQM��UKNM��6M�Z��efNZ�ë

`a]��UVYP;gaR `-M�OQP;TXM�~Y];ZUcSM : JLKNM�RUM�OQ];g¥OQP;TXM��IZUPST �UKNM�knm�o°�NKNP;�UP;g6R�`6M�V�gNc�ZeM�ReOQ]����eMQZeM�h
^dVW]�k¯PSTX�/�UPSg©ReOQ]����eMQZeV�gNc6q¯PSgaOrM¤�eKNM�MQ~YM�Or�UZeP;gaR�];ZUM¤ZeMQVYP;gNVYzQMsh,qnP;Z�[�KNM�g©c;Z?]_^wV��e]��UVYP;ga];~
gNPSg/ëì~�VYgNM�];ZUV��UVYM�RLO?Ka];gNc;M§�UKaM{MQgNM�ZUcSx�P;Z=h/VYZUMsO��eV�PSg�P;�F�eKNM{�NKNP;�UP;g6R :
9s�N: � :Y9;:§� naô � ø H � 8 ô=B�q}¨8ô 5/693 Bsñ¡õrn�ôM©�ô?õröv<§³§gaM�gNP��?]�`N~YM�TXM�O?K6]�gNVWR�T�[�KNVWO?K1OrZeM�]��UM�R��UMQT�ë
�-MQZ?]\�efNZUM=®afaO��efa]\�eV�PSgaRn]�gah�]�.-MsO��?R��eKNM{knm�oËRU�-M�O��eZUfaTÂVYR¯V�gd^SMQZ?R�M k¯PSTX�/�UPSg�RUO�]\�U�UMQZeVYgNc
P;���NKNP��eP;gaR�P�.�P���KaP��§M�~�MsO��eZUPSgaR=VYg�OQ~�faR��UM�ZeR�q-bwgaP\[�g�];R=�UKNM � fNgdxS];MQ^wë
�-MQ~Wh/P\^dVYO?K M>.CM�Or� :
JLKNVWR8M>.CM�Or�8cSV�^SM�R8]=[L]_x§�eP§TXMs];RUfNZUMnh/VYZUMsO��U~Yx��UKaM¯`a];ZUxSP;gNVWO�T�]SRURFV�g�Or~YfaR��UMQZ?R8]\�*KNV�cSK�ZeM�hdë
RUKNV��3�eR :�� OQ]\�U�UM�ZUVYgNc�P�.�P��4KaP����eMQZLMQ~YM�Or�UZeP;gaRnOQ];faRUM�Rn]�RUV�TX�N~YM§M�gNMQZec;x�RUKNV��3�L�6]�Z?]�TXMr�eMQZeV�z�M�h
`dx��eKNM�k¯P;TX�/�eP;g

y− �a];Ze];TXMr�UM�Z�q

y =
δν

ν
=

∫
σTne

kTe

mec2
dl

[�KNM�ZUM
σT
VYR{�UKNM�JLKNPST�R�PSg¥ReOQ]����UM�ZUVYgNc�OrZePSReR�R�MsO��eV�PSg�q

ne
VWR��UKNMX�IZeMQM�M�~�MsO��eZUPSg¥h/M�gaRUV���x

];gah��eKNM{VYgS�eMQcSZe];~-VWR=];~�PSgNc��eKNM{�NKNP;�UPSg��a]��UK �UKaZUPSfNc;K��UKNM�OQ~�f6R��eMQZ :
JLKNM{�NKaP��UPSgaR=];ZUM�fN�aReOQ]����eMQZeM�h,qaO�]�faRUVYgNc��UKNM{~YP\[¦M�gNMQZec;xX�?]�VY~�P��*�eKNM�R��-M�Or�UZefNT¶�eP�`6M

RUKNV��3�UM�h��eP�KaV�cSKNMQZL�IZeM��wfNM�gaOrVYM�R�q
δnν

nν
= −y xex

ex − 1
[4− x coth(x/2)] ,



é,ã,æ6å
�{ã,é�æ��Cå1çaã����LèWç��LèWçaâaã������,å¤ä
�6ç����,âaã��CéCê á;�
[�KNM�ZUM

x ≡ hν/kTγ.
JLKNVWR ZUMsR�fN~��eR VYg�]��UMQTX�-MQZ?]\�efNZUMXh/MQî6OrV���]��§�IZeM��wfNM�gaOrVYM�R `-MQ~YP\[ �UKNM

`N~W];O?bd`-P/h/x��6Ms]�b
∆T/T = −2y

q�]�g6h�]��UM�TX�6M�Ze]��UfNZeMXV�gaOQZUMs];RUM�]��{KNV�cSKNMQZ �IZeM��wfNM�gaOrVYM�R�q
[�V��UK¢�UKNM�RUV�cSg¢O?Ka]�gac;VYgNc�]��

ν ∼ 220
ï ü z : J�xd�NVWOQ];~nOQ~�f6R��eMQZ?R�Ka]_^SM��eMQTX�6M�Ze]��UfNZeM�R�P;�

PSZeh/M�Z
107 − 108K,

];gah xdV�M�~Yh�k¯P;TX�/�eP;g/ëìx��a];Ze];T�MQ�UM�ZeRnP��8P;Z?h/MQZ
y ∼ 10−4.

9s�N: � : � :§� naô�� 3 ó;ó 5 ôr÷1ôM©�ô?õröv< ­ gNP��eKNMQZXVYT��-P;ZU�e];gw��M>.CM�Or�X];ZUVWRUM�R�V��=�eKNMQZeM�VWR�RUVYc;gNV�î6OQ];gw�`Nfa~�b1TXP;�UVYP;g¥V�g¥�UKaM�V�PSgNV�z�M�h�TXM�h/VYfNT¤qF[�KaVYO?K¥V�g6h/faOrMsR{] �UM�T��-MQZ?]\�efNZeM�®6faO��efa]\�eV�PSg�^dVW]
�eKNM�µ�PS�N�N~YMQZ�M=.-MsO���Î

∆T

T
=

∫
v
‖
neσT dl

{ gN~�VYb;Mj�UKNM � ë��ÌM=.-MsO���q��UKNMÍµ�PS�N�N~YMQZ�RUKNV��3�¥h/PdMsR�gNP��¥O?Ka]�gNcSM��UKNMËR��-M�Or�UZefNT P��X�UKNM
];gNVYRUP��eZUPS�NVYM�Rn]�gah¤RUP�VWRLKa];Zeh/M�Zn�UP�h/VWR��eV�gac;fNVWR�K��IZeP;T¶�eKNM��NZeV�T�]�Zex�];gNVYRUP��eZUPS�NVYM�R :
JLKNVWR�M=.-MsO���VWR�RUM�OQP;gah¥P;Z?h/M�Z{V�g�~YV�gaM�]�Z��UKNM�P;Zex�]�g6h�OQ]�g�`-M�~W]�Zec;MQZ{[�KaMQg�gNPSg/ël~YVYgNM�];Z

M=.-MsO��eR�]�ZeM�V�g6Or~Yfah/M�h : JLKNM�RUM�OrPSgahËP;Z?h/MQZ�M>.CM�O���VYR�faR�f6]�~Y~�xËbdgNP\[�g}];RX�eKNM�³ R��UZeV�bSMQZUë
W§VYRUKNgNVW];O§M>.CM�Or� :*Ê �=OQ]�g ]�~WR�P�P/OQOrfaZ��IPSZLOQ~�f6R��eMQZ?R�[�V��UK �NZeP;�-MQZnT�P;�UVYP;gaRL];~�PSgNc��eKNM§~YVYgNM�P��
RUV�cSKw��q/[�KNM�ZUM�V��=VYRLbdgNP\[�g¤];Rn�eKNM{bdV�gNMQ�UVWO � ë
��M=.-MsO�� :
9s�N: � : �N:§� naô @ ô?ô�ò�q � õrñ 8 ù 8 ô#©�ô?õQö}<�JLKNM ¬ M�M�R�ë � OQVY];T�]§M=.-MsO���VWR�ZeMQ~W]\�UMsh��eP��UKNM�V�gw�UM�c;Z?]\�eM�h
� ]SO?KaR�ël|¥P;~��IM�M=.-MsO���]�g6hjZeM�RUfN~��?R��IZUPST��UKNM�gaP;g/ëì~�VYgNMs]�Z�MQ^;PS~�fN�UVYP;g¢P;���eKNM¤c;Z?]_^wV��e]��UVYP;ga];~
�-P��eMQgw�UVW]�~nV�gÍOr~YfaR��eMQZ?R : JLKNM�VYgw�UM�c;Z?]\�UMsh � ëì| M>.CM�Or��faRUfa]�~Y~Yx�OQP;gaOQMQZegaR{�eKNM ~Y];ZUcSM�RUO�]�~YM
~YV�gaM�]�Z�MQ^;PS~�fN�UVYP;g P��*�UKNM��6P;�UMQgw�eVY];~Øq6[�KNV�~YM{�eKNM ¬ M�M�R�ë � OQVY];T�]�M=.-MsO���h/MQ�-MQgahaR=P;g¤V��eR�gNP;g/ë
~YV�gaM�]�ZLM�^;P;~Yf/�eV�PSg�VYgaRUVYh/M�]XOQ~�faR��UM�Z :
9s�N: � : _ :Aª ô H ò�ñ H l�ð>� 5/8 ÷Mlwô{òQõ 8�5 ô�ò�öØ÷�øaõQölø/÷Uô�<=k¯~YfNTX�NVYgNcXT�]\���eMQZ�`-Mr��[nMQM�g�faR�];gah��eKNM{~W];R��
ReOQ]����UM�ZUVYgNc�R�faZ��¡]SOrML`6M�gahNR*�eKNM knm1oj~�VYc;Kw��Z?]_xdR*];gahXO?Ka]�gNcSM�RF�UKaM§knm1oj�a]����eMQZegaR : |}KNVY~�M
V���OQ]�gagNP��*c;M�gNMQZ?]\�eMn];gNVYRUP��eZUPS�NVYM�R�V��eRUMQ~���q;V���OQ];g��UZ?]�g6R��IM�Z8�-P\[nMQZ8�IZUPST°~Y];ZUcSM¯];gNc;fN~W]�Z�ReOQ];~�MsR
�eP§RUKNP;ZU�UM�ZFPSgNM�R :4Ê �*T�]_x `-M�]�g�V�TX�-P;ZU�e]�gw�*R�PSfNZeOQM�P;�agNP;gNë ï�];faRURUVW]�gNV���x§VYg��eKNMnT�VWOrZeP\[L]_^;M
`a]SO?bdc;ZeP;fNgah�];gah¢OQP;fN~Whj`-M¤faRUM�h��eP��aZUPS`6M��UKNM ~W]�Zec;M�ReOQ];~�M�T�]\���eMQZX�-P\[¯M�Z�RU�6MsO��eZUfNT :
�4MQgaRUV�gac�OQ]�g1];~YRUP�VYgah/faOQM�]�gNVWRUP��UZeP;�aV�MsRn�IZUPST��eKNM�TXP��eV�PSg�P���Or~YfaR��UMQZ?RL�eZe];gaR�^SMQZ?R�M �eP��UKNM
~YV�gaM P;�*RUVYc;Kw� :
9s�N: �N:A«��6Ç_ÄdÁ6Ç��6º8¼�-8ÈSÉ JLKNM�ZUM�]�ZeM�]¤^\]�ZeV�MQ��x1P��n�IP;ZeMQcSZUPSfNgah�RUP;faZeOQM�R§�UKa]���OQ];g�OQP;gw�e];T�ë
VYga]\�eM�PSfNZXP;`aRUMQZe^\]\�eV�PSgaR�P;�=�UKaM TXVWOrZeP\[n]_^SM�`a]SO?bwcSZUPSfNgah : JLKaM TXPwR��XV�TX�-P;ZU�e];gS���IP;ZeMrë
cSZUPSfNgah¢OQP;gw�e];TXV�ga];gw�XVWRXP;faZ�P\[�gÍcw]�~W]\�/x;q¯[�KNVYO?KËMQTXV��eRX�IZeP;Tú]�gwfaT�`-MQZ�P���h/V/.-M�ZUM�gS�
bdVYgahNRnP��*R�PSfNZeOQM�R : JLKaM�RUM��IPSZUM�c;ZeP;fNgahaR¯];ZUM R�PXR��eZUPSgNc��UKa]��LPS`aRUMQZe^_]��UVYP;gaR¯]�ZeM§PSgN~Yx��6PwRURUV�ë
`N~YM�P;f/�?R�VWh/M��eKNM{cS];~Y]SO��UVWO§�N~Y];gNM :
|}Ka]���T�]�b;MsR{P;`6R�M�ZU^\]\�eV�PSgaR P��L�UKaM knm1oÌ�6PwRURUV�`a~�M�]���]�~Y~�VWR��UKa]���V��eR{�IZeM��wfNM�gaOrx¥h/Mrë

�-MQgahNMQgaOQM�VWR=c;M�gNMQZ?]�~Y~Yx�cSZUMs]\�U~Yx�hNVm.CMQZeMQgw���eKa]�g1�UKNM��IZUMs�SfaMQgaOQx h/M��6M�gah/M�gaOrM�P��*�UKaM��IP;ZeMrë
cSZUPSfNgahNR :�� PST�M�RUP;faZeOQM�R{h/PST�VYga]��UM�]\��KaV�cSK��IZUMs�SfaMQgaOQV�MsRQq8]�gah¥P��eKNMQZ?R�]���~�P\[Ì�IZUMs�wfNMQg/ë
OQV�MsRQqw`Nf/�¯�UKNM�ZUM=MQ�/V��?R¯]��IZeM��wfNM�gaOrx�[�VYgah/P\[}]�ZeP;fNg6h v�� ë 9��S� ï ü z�[�KaMQZeM��UKNM{knm1oËVYR��UKNM
h/PSTXV�ga];gw��R�PSfNZeOQM : JLKaM�`6M�Ka]_^dV�PSZ�P��*�IP;ZeMQcSZUPSfNgahNRLO�]�g¤`6M�R��efah/VYM�h�]\�§KNV�cSKNMQZ§]�gah ~YP\[¯M�Z
�IZeM��wfNM�gaOrVYM�Rn]�gah��UKNMsR�M P;`aRUMQZe^\]\�eV�PSgaR�O�]�g�`-M§f6R�Msh��UP�KNMQ~Y��ZeMQTXP\^SM��UKNM�V�Z�OQP;gw�e];T�VYga]��UVYP;g
�IZeP;TÂ�eKNM�knm1o}T�];�aR :
9s�N: �N:Y9;:§� naôr÷�ù 8�5�6 ødò�öv<§³§gNML�IPSZUM�c;ZeP;fNg6h�[�KNVWO?K�VWR�TXPSR���VYT��-P;ZU�e];gw��]\��KNVYc;KX�IZeM��wfNM�gaOrVYM�R
VWR¯�UKa]����IZUPST	�UKNM�ZUT�]�~,M�TXVYReR�VYP;g��IZUPST�h/faR�� : JLKaM �aZUVYT�]�ZexXRUP;faZeOQM§P;�4�UKaVYR�h/f6R���VWRLV�g P;fNZ
P\[�g¤cS];~Y]��/x;qN[�KNM�ZUM�V���VWR���xd�NVWOQ];~�~Yx P���P;Z?h/MQZ�� � �XqNKaM�]\�eM�h¤`dx P;�/�eVYO�]�~4PSZ { WÌZe]Sh/VW]\�UVYP;g :
JLKNM�h/faR���VWR���xd�NVWOQ];~�~YxÍO�]�Ze`6PSg}P;Z�RUVY~�VWOQ]��UM1VYg OrPSTX�6PwR�V��UVYP;g : JLKNM¤�IZeM��wfNM�gaOrx©R��-M�Or�UZefNT
h/M��6M�gahNR�P;g¥�UKNM�R�VYzQM�P;�n�eKNM�h/f6R���cSZe];V�g6R�i3��xd�NVWOQ]�~Y~Yx �N: �N9 ë �a:�9

µ
T¤q p�`Nf/��V���ReOQ];~�MsR�];R�]

�-P\[¯M�ZL~Y]_[¦V�g �UKaM{T�VWOrZeP\[L]_^;M��IZeM��wfNM�gaOrVYM�R :



á 0 âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é
JLKNVWR{h/faR���VYR{hNVYR��UZeV�`af/�UMsh�PSg��eKNM�R�bdx1TXPSZUM�RUT�PdP;�UKN~Yx1h/VWR��eZUVY`Nf/�eM�h��UKa];g�[nMXMr�/�-M�O��

�eKNM§knm1o��eP�`-M : JLKNMQZeT�]�~NM�T�VWReR�VYP;g��IZeP;T�KaV�cSK�ZeM�haR�KNV��3��R��e]�Z��IP;ZeT�VYgNc�cS];~Y]��/V�MsR�OQ]�g�];~YRUP
`-M{V�TX�-P;ZU�e];gS� :
9s�N: �N: � :�� � H õ¬nd÷ 3 öØ÷ 3�H ôQù�ñWòeò�ñ 3�H <§o¯P;�UK T�]�c;gaMr�UVWO§îaMQ~WhNR�];gah�M�gNMQZec;MQ�UVWO MQ~YM�O��eZUPSgaRL]�ZeM§ZeMrë
�wfNVYZUMsh�VYg�PSZeh/M�Z��eP�cSMQgNM�Ze]��UM�R�xdgaO?KaZUP;�UZeP;g�MQTXVWRURUVYP;g :�� xdgaO?KNZeP��eZUPSg�OrPSgS�?]�TXVYga]\�eV�PSg��UKdfaR
�eMQgahNR �eP�OrP;TXM��IZeP;T �eKNM�h/VYRUb1P;�¯P;faZ{cS]�~W]\�/x¤[�KNM�ZUM��UKaM�TX];c;gNMQ�UVWO�î6MQ~WhNR{]�ZeMXKNV�cSKNM�R�� :
Ê �?Rn�UMQg6hNRL�UP�hNP;TXV�g6]\�UM{]��=~�P\[ �IZUMs�SfaMQgaOQV�MsRQq/`-MQ~YP\[ �S� ï ü z{P;Z�RUPaqa];gah�K6];R�]XR��-M�Or�UZefNT
T ∝ λ2.4±0.3.� xdgaO?KNZeP��eZUPSg�MQTXVWRURUVYP;g�O�]�g ]�~WR�P�OrP;TXM§�IZUPST¶Z?];h/VYP�cw]�~W]\�/V�MsR : JLKNM{OrPSgS�eZUVY`Nf/�eV�PSg��IZeP;T
Z?];h/VYPjcw]�~W]\�/V�MsR�[�VY~�~ Ka]_^;M�]jy*P;VWRURUP;g¸hNVYR��UZeV�`af/�UVYP;g¦P;g}�eKNM�RUbdx©];gah}VWR�];g¸VYT��-P;ZU�e];gw�
�IPSZUM�c;ZeP;fNgah{RUP;faZeOQM�P;g�R�T�]�~Y~d]�gNcSfN~Y];Z8ReOQ];~�MsRQq\]SR4V��*O�]�gNgaP��*`6ML]_^;PSVYh/Msh�`dx�R�VYTX�N~�x{~YPdP;bdVYgNc
]_[L]_x �IZUPST �UKNM�cw]�~W];O��eVYO��N~W]�gNM :,{ g/�IP;ZU�UfNg6]\�UM�~�xSq��eKNM��IZUMs�SfaMQgaOQx�h/MQ�-MQg6h/MQgaOQM��IP;Z �UKNMsR�M
RUP;fNZ?OrMsR�O?Ka];gNc;MsR��IZeP;TÂRUP;fNZ?OrM��UPXR�PSfNZ?OrM;qd]�g6h��UKaM RUP;fNZ?OrMsR�T�]_x�]�~WRUP�^\]�ZexXV�g��UVYT�MSqNR�P�V��
VWRLgNM�OQM�ReRU];ZUxX�ePXP;`aRUMQZe^;M§�UKNM�T�]����UKNM�Re]�TXM �UVYTXM�];Rn�UKaM�knm�o¸P;`6R�M�ZU^\]\�eV�PSgaR :
9s�N: �N: �N:A¡ ÷UôQù�ò?ò�öl÷ 8 n 5 ø H lj÷ 8N6 ñ 8 ölñ 3�H < onZeMQT�RUR��UZ?]�Ka~�fNgac�Z?];h/VW]\�eV�PSg�qL]�~WR�P¥bdgNP\[�g}];R��IZeMQMrë
�IZeMQMXZ?];h/VW]\�eV�PSg�q4ZeM�RUfN~��eR �IZeP;T M�~�MsO��eZUPSgaR{RUO�]\�U�UMQZeVYgNc¤P�.¢P;�nVYP;gNVYzQMsh�Kdx/h/ZeP;cSMQg¥P;Z{KNM�~�VYfNT
]��UP;T�R : �4V�bSM§RUxdgaO?KNZeP��UZeP;g4q;V��n�NZeVYTX];ZUVY~Yx�PSZUVYc;VYga]��UM�R��IZUPST��UKNM�h/VWR�b�P;�4P;fNZncS];~Y]��/x;q;[�KaMQZeM
�eKNM�h/MQgaRUV��UVYM�R�P��¯V�PSgNV�z�M�h��a]�ZU�UVWOr~YM�R�];ZUM�KNVYc;KNMsR�� :�Ê �{Ka];R{]��IZeM��wfNMQg6Orx1h/M��6M�gah/MQg6OrM�^;M�ZUx
OQ~�PwR�M§�UPX�eKa]\�=P;�8RUxwg6O?KNZUP;�UZeP;g�Ze]Sh/VY]��UVYP;g�q

T ∝ λ2.1,
];gah�K6];R�]XR�VYTXV�~W]�Z�VYgw�UM�gaR�V���x :

9s�N: �N: _ :A  ölù 3 òló
naôr÷�ñ¡õ=öCnaôr÷�ù 8�5 Dnøaõrölø 8 ölñ 3�H ò><=JLKNM�T�]� �PSZ��NZeP;`N~YMQT�[�V��UK�PS`aR�M�ZU^dVYgNc§knm1o
];gNVYRUP��eZUPS�dx��IZeP;T �eKNMLc;ZeP;fNgah�VYRF�eKNMQZeT�]�~dMQTXVWRURUV�PSg��IZeP;T°[L]\�eMQZ�]�gah�P_�/xwcSMQg�TXPS~�MsOrfN~YM�R8VYg
�eKNMn]��UTXPSRU�NKNM�ZUM : |�]\�eMQZ*^\]��-P;Z8VYR8�a];Z��eVYOQfN~Y];ZU~Yx{]=�NZeP;`a~�M�T°`6MsOQ]�f6R�MnV��*^\]�ZeV�MsR8V�g��UVYT�M�];gah
RU�a];OQM : ³§gNM�[n]_x��UP�OQP;fNgw�UM�Z=�eKNVYR§�NZeP;`N~YMQT�VWR��UP�TX];b;M�TXMs];RUfNZUM�TXMQgw�eR�P;���UM�T��-MQZ?]\�efNZeM
h/V/.CMQZeMQgaOQM�R�]�~YP;gac���[nP�~�VYgNMsR�P��{R�VYc;Kw�sqn[�KaMQZeM��eKNM�]��UTXPSRU�NKNM�ZUVWO¤OrP;gw�eZUVY`Nf/�eV�PSgaR�R�KaP;fN~Wh
O�]�gaOQMQ~aR��e]��UVWR��eVYO�]�~Y~�x : JFP�ZUMsh/faOQML�UKNM�]��UTXPSRU�NKNM�ZUVWOLOrPSgS�?]�TXVYga]\�eV�PSg�qwknm1oÍTXM�];RUfNZeMQTXMQgw�?R
];ZUM�c;M�gNMQZ?]�~Y~�x¤�?]�bSMQg�]\��R�V��UMsR�[�KNVWO?K�];ZUMX];R{hNZUx�];gah¥OrPdP;~�]SR��6PwRURUV�`a~�MSq4R�f6O?K¥]SR{]\���UKNM
� PSf/�UK �-P;~YM{P;Z�P;g TXP;fNgw�?]�VYg��eP;�aR :
9s�N: �N:�v/:(­>H ò�öl÷�ø/ùXô H ö 8�5 ô#©§ôeõQöØò><=|}KNVY~�M M�]SO?K�Mr�/�-MQZeV�TXMQgw�LP�.CMQZ?R�V��eRnP\[�g�RUMr�LP��F�NZUPS`N~YMQT�RQq
�eKNMQZeM=]�ZeM=]�OrPSfN�N~YM�P��,c;M�gNMQZeVWOL�NZUPS`N~YMQT�R�VYg�h/Mr�eM�O��eV�gac�knm1oË]�gNVWR�P;�UZeP;�dx : JLKNM�îaZ?R��¯VYReR�faM
VWR �UP�h/P¤[�V��UK�R�VWh/M�~�PS`6MsRQq�PSZ{R�M�gaR�V��UVY^dV���x1�UP1RUP;fNZ?OrMsR�VYg�] hNV�ZeM�Or�UVYP;g¥P��UKaMQZ �UKa];g¥�UKa]���P��
�eKNM�OrM�gw�UZ?]�~�`-M�];T : JLKNM�KaP;Zeg¤RUx/R��eMQT�VYR§h/M�RUV�cSgNM�h��eP�TXV�gNVYTXV�z�M{�UKaM�R�x/R��UM�T « R=ZeM�RU�-P;gaRUM
VYg��UKNM R�VWh/M�~�PS`6MsRQq8`Nf/��MQ^;M�gjR�P6qF`aZUVYc;Kw��RUP;fNZ?OrMsR�i¡RUfaO?K¢]SR��UKNM�M�];Z��eK�P;Z�RUfNg6p{O�]�g��a]SRUR
�eKNZUPSfNc;K��UKNM�T�];gah�c;Mr�=OQP;g/�IfaRUM�h [�V��UK �UKaM�R�VYc;ga];~ :
JLKNM=P;�UKNM�Z�cSMQgNM�ZUVWOLVYReRUfNM�VYR¯]�TX�N~YV�î6MQZ¯hNZUV��3� : JLKNM�hNMr�UMsO��eP;Z�RUV�cSga]�~WR�T�faR��¯`6M�];TX�N~�V�îaMsh

`dx TX];gdx PSZehNMQZ?R�P���T�]�cSgNV��Ufah/M�]�gah��UKNM�ZUM�VYR§fNga]_^SP;VWhN]�`N~YM�RU~�P\[�~Yx�^\];ZUxdVYgNc�h/ZeV��3��VYg��UKNM
];T�PSfNgw��P���]�TX�N~YV�î6OQ]��UVYP;g°iI[�KNVWO?K}VWR�faRUfa]�~Y~YxÍ];ReRUfNTXM�hÍ�UPjK6]_^;M�]©ª P;gNM�P\^SMQZX� « gNP;VWRUM
RU�6MsO��eZUfNT : pËJLKNVYR�h/ZUV��3��qFV���gNP;��OrP;ZeZeM�O��eM�h��IP;Zsq4OQ];g�ZUMsR�fN~��{V�gËª�R��eZUVY�NVYgNc « P;�¯�eKNM�VYg/�IMQZeZUMsh
�eMQTX�6M�Ze]��UfNZeM�T�]��aRL[�KNVWO?K ZUMQ®aM�Or�eRn�UKaM{P;`aRUMQZe^dV�gNc��a]����UM�ZUg¤P;�4�UKaM{V�gaR��UZefNTXMQgw� :
9s�N: _ : # ¾¡¼�-FÈ§�-¿�-FÄw½�Ä*�;½��6Ç_È�»a¼�-©Æ®P¡»/½s¿}�aÇ\ÅjÈSÉ
9s�N: _ :Y9;: ��ôQöìô?õQö 3 ÷?ò><�JLKNMQZeM�]�ZeM �UKNZeMQM���xw�-M�R=P���h/Mr�eM�Or�UP;Z?R�VYg�OrP;TXTXP;g�f6R�M��ePdha]_x-Î�V�gw�UM�Z�ë
�IM�ZUPST�MQ�UM�ZeR�qC`6PS~�PST�MQ�UM�ZeR�]�g6h�[L]_^;M�c;fNVWh/M�R�[�V��eK ü ´�m1J�iIKNVYc;K¥MQ~YM�Or�UZeP;g�T�PS`NVY~�V���x¤�UZ?]�g/ë
RUVYR��UPSZ?pL];TX�N~�V�îaM�ZeR :�ü ´�m1J°hNMr�UMsO��eP;Z?R�]�ZeM{c;M�gNMQZ?]�~Y~Yx�faRUM�h�]���~�P\[nMQZ=�IZUMs�SfaMQgaOQV�MsR�iI`-MQ~YP\[
9s�;� ï ü z_p�];gah}`-P;~YP;TXMr�eMQZ?RQq�[�V��UK}�eKNMQVYZ�`aZUPw];h/M�Z�`a]�g6h}�6P\[nMQZ?R�qL];ZUM�faR�Msh¸]\��KNV�cSKNMQZ
�IZeM��wfNM�gaOrVYM�R :



é,ã,æ6å
�{ã,é�æ��Cå1çaã����LèWç��LèWçaâaã������,å¤ä
�6ç����,âaã��CéCê á;[
9s�N: _ : � :A¯A5/8 ö p 3 ÷�ù�ò=<�JLKNM�knm1o ]�gNVWRUP��UZeP;�dxjT�]_xË`6M�P;`aRUMQZe^;MshÍ�IZUPSTû�eKNM�Ms]�ZU�UK�qL�IZeP;T
KNVYc;K�]�~��UV��Ufah/M�`a];~�~YPdP;gaR�P;Z§�IZUPST Re]\�eMQ~Y~�V��UMsR : JLKNMQZeM�];ZUM�];h/^\];gS�?]�cSM�R=];gah1h/VWRU]Sh/^\]�gw�e];c;MsR
�eP�Ms];O?Kj�N~W]\�U�IP;ZeT : ï ZUPSfNgahj`6];RUM�hjPS`aRUMQZe^_]��UVYP;gaR�T�faR���OrP;gw�eMQgah¢[�V��eKËOQP;gw�e];T�VYga]��UVYP;g
�IZeP;T �eKNM�]\�UTXPwR��NKaMQZeM�[�KNVWO?K¥~�Ms];hNR§�UP¤T�faO?K�KNVYc;KaMQZ�gNP;VWRUM�~YMQ^SMQ~WR : JLKNM�];h/^\];gS�?]�cSM�R§P��
cSZUPSfNgah�`a]SR�Msh�h/Mr�eM�O��eP;Z?R�];ZUM��UKa]���xSP;fjOQ];gjVYgS�eMQcSZe]��UM��IPSZ�T�faO?Kj~YP;gNcSMQZ�];gahj];ZUM�];`N~YM
�eP�îN��]�gdx��aZUPS`N~�M�T�R��UKa]���];ZUVWR�M :¤Ê gj];hNh/V��UVYP;g4q8VYgaR��UZefNTXMQgw�eR�P;`aRUMQZe^dV�gac1]\��^SMQZex�RUTX];~�~
];gNc;fN~W]�Z{ReOQ];~�MsR�P;Z{[�V��UK�VYgS�eMQZU�IMQZeP;TXMr�eMQZ?R�]�ZeM��ePdP�TX]SRURUVY^;M��UP�`-M�faRUM�h�]�gdxd[�KNMQZeM��UKa];g
�IZeP;TÂ�eKNM{c;ZeP;fagah :
oL]�~Y~�PdPSg�`a];RUM�h�h/MQ�UMsO��UPSZeR�h/P�gNP;��Ka]_^SM{�UP�hNM�]�~F[�V��eK��UKaM�]\�eTXPSRU�NKNMQZeVWO �IP;ZeMQc;ZeP;fagahNR�q

`NfN��Ka]_^;MLT�faO?KX~�MsRUR*�eV�TXM��eP�P;`6R�M�ZU^SML];gahXOQ];gNgNP���`-M�îN�/MshXV�g�®aVYc;Kw��V���]��NZUPS`N~YMQTÌ];ZUVWRUM�R :
J¯xd�NVYO�]�~Y~�xSqd`a]�~Y~�PdPSgaRLOQ]�g�P;`aRUMQZe^;M��IP;ZLP;ga~�x�]��IMQ[¦KNP;faZeR�qw�UKNPSfNc;K ~�PSgNcXh/fNZ?]\�UVYP;g�`a]�~Y~YPwPSg
®aVYc;Kw�?R�]�ZeP;fNgah��UKNM�RUP;fN�UK¤�6PS~�M�Ka]_^SM�`6M�MQg�]�`N~YM �UPXMr�d�eMQgah��UKaVYRL�ePXP\^;MQZ�]�[nMQMQb :
� ]��UMQ~Y~YV��eM�TXVYReRUV�PSgaR,c;M�gNMQZ?]�~Y~Yx�Ka]_^SM��N~�M�gw��x�P��NVYgw�UM�c;Z?]\�UVYP;g§�UVYTXM¯];gah�Ka]_^;M�~YM�ReR��-P��eMQgw�UVW]�~

�IPSZLRUx/R��eMQT�]\�eVYO§MQZeZeP;Z?R��UK6]�g c;ZeP;fNgah�P;ZL`a]�~Y~YPwPSg�`a]SR�Msh�h/MQ�UMsO��UPSZeR :�ü P\[nMQ^SMQZsq��UKaM�OQPSR���P��
Re]\�eMQ~Y~�V��UMsR O�]�g�`6MX�NZeP;KNVY`NV��UVY^;MX]�gah¥RUfaO?K�TXVWRURUV�PSgaR§�e];b;M�TX];gdx�T�PSZUM�x;Ms]�Z?R�P;�¯�N~W]�gagNV�gac
�eP�OQ];ZUZex�P;fN� : ­ Rn]{ZeM�RUfN~��sqSRe]\�eMQ~Y~�V��UMsR�c;M�gNMQZ?]�~Y~Yx�OQ];gNgNP;��faRUM�R��?]\�eM=P��C�UKaM§]�ZU���eM�O?KNgNPS~�PSc;x :
9s�N:�v/: � ¾Ø¼�-��*T ¿ìº8¼��;½�¾#�-¼8È;É ³§`aRUMQZe^_]��UVYP;gaRLh/P�gNP��=TXM�]SR�faZUM��eKNM�RUbwx��UMQTX�-MQZ?]\�efNZUM�h/V�ë
ZeM�Or�U~Yx;q/`Nf/�=TXMs];RUfNZUM V���OrP;gd^SP;~Y^;M�h�[�V��eK�]�g Mr�/�6M�ZUVYTXMQgw�e];~,`6Ms]�T�R�Ka];�6MSq

TE(x) =

∫
W (x− y)T (y)d2y.

JLKNVWRLOrPSgw^SP;~Yf/�UVYP;g�VWRnM�]SR�VYM�R����eP�M�^;P;~Y^;M§V�g ² PSfNZUVYMQZLRU�a];OQM;qd[�KNMQZeM�V���VYRLRUV�TX�N~Yx�]��NZUP/h/f6O���q
V : M :

TE(k) = W (k)T (k).
Ê g¢c;M�gNMQZ?]�~lq��eKNM¤`6Ms]�TûRUKa]��-M¤OQ]�gÍ`6M��wfNV��UM�OrPSTX�N~�VWOQ]��UMsh,q

VYgaOr~Yfah/VYgNcX`-MQVYgNc�]�gNVWRUP��UZeP;�aVYO ]�gah�Ka]_^dVYgNc�RUVYc;gNV�î6OQ];gw��RUVYc;gNV�î6OQ];gw��RUVWh/MQ~YP;`-M�R :*Ê �=VYR�RUP;TXMrë
�eV�TXM�R*] faRUMr�IfN~N];�N�NZeP_�/V�T�]\�eV�PSg��UP �UZeM�]��F�eKNM�OrM�gS�eZe];~S`-M�];T�];R*]�ï�]�faReRUVY];g��IfNgaOr�UVYP;g�q;[�V��eK
W (θ) = e−θ2/2σ2

/2πσ2.
JLKNVYRFKa]SRF] R�VYTX�N~YM ² PSfNZeV�M�ZFZeMQ�NZeM�RUMQgw�?]\�UVYP;g4q

W (k) = e−k2σ2/2.JLKNM�^\]�ZeVY];gaOrM�];gNc;~YM�VWR=ZeMQ~W]\�eM�h¤�eP��UKaM��IfN~Y~*[�VYhd�eK/ëìKa]�~���T�]\�/V�T�fNT R�VYzQM�P����UKaM�`-M�];T�`dx
θ2FWHM = 8σ2 ln 2.

|¥M�K6]_^;M{�eZUMs]\�UMsh¤�UKaM�RUbdx¤]SR�V��¯V���[¯M�ZUM�M=.-MsO��eV�^SMQ~Yx¤®6]\�sq-[�KaVYO?K�VYR
]�ZUMs];RUP;ga];`N~�M�]��N�NZeP_�/V�T�]��UVYP;g1]\�{RUTX];~�~�ReOQ];~�MsR : JLKNM�ZUMSq-[nMXOQ]�g�TX];b;M��UKNMXRUfN`aR��UV��Uf/�eV�PSg
kr → (`+ 1

2 )θ.² PSZ�cSZUPSfNgah©`a]SR�Msh©V�g6R��eZUfNTXM�gS�?R�V��¤VYR�P��3�eMQg¸faRUMr�Ifa~§�eP¢TXM�]SR�faZUM��eMQTX�-MQZ?]\�UfaZUM�hNV��3ë
�IM�ZUM�gaOrMsR{V�g�PSZehNMQZ{�eP1ZUMsh/faOQM�OrP;gw�?]�TXV�g6]\�UVYP;g¥�IZeP;T ]\�UTXPwR��NKaMQZeVYOXM=.-MsO��eR :¤Ê g��UKNM��a];R���q
`-P��eK1��[nP�]�g6h��UKaZUM�M�`-M�]�TíhNVm.CMQZeMQgaOQM�MQ�/�6M�ZUVYTXMQgw�eR§[¯M�ZUM��6M�Z��IPSZUTXMsh :{² P;Z�MQ�/];TX�N~�MSq,]
��[nP�`-M�];TíMr�/�-MQZeV�TXM�gS��TXM�]SR�fNZeM�R§�eKNMX^_];ZUVW]�g6OrM�P;���eKNM��UMQTX�-MQZ?]\�efNZUM�h/V/.CMQZeMQgaOQM�P;����[nP
�a]��eO?KNMsRLR�M��a]�Z?]\�eM�h�`wx�]�g��UKNZeP\[¦];gNc;~YM;q

θT .
Ê �=VYR�RUV�TX�N~YM��UP�RUKNP\[¸�eKa]\�

〈(T1 − T2)
2〉 = 2C(0)− 2C(θT ) =

1

4π

∑

`

(2`+ 1)W`(2− 2P`(cos θT ))C`.

|}KNM�ZUM
W`
VWR=�eKNM�R�VYgNcS~�M�`6Ms]�T [�VYgah/P\[°�IfNg6O��UVYP;g : ­ �eKNZUM�M�`-M�];T Mr�/�-MQZeV�TXMQgw�{OQ];g1`6MM�^_];~�f6]\�UMsh�RUVYT�VY~W]�Ze~�x :

9s�N: uN:A«4ºF½�ºFÇ_ÄÍÄ"°,Æ�ÄwÇ_¾ØÅjÄd¼C½�ÈSÉ ­ gdfNT�`-MQZ{P;�n`6]�~Y~�PdP;g¥`a]SR�Msh�MQ�d�-MQZeVYT�M�gw�eR{]�ZeMXfNgah/M�Z�ë[L]_x : onPwPSTXMQZ?]�gNcX]�gah m1]��dVYT�]�Ka]_^;M�]�~YZUMs];h/x��aZUP\^dVWh/M�h�V�TX�-P;ZU�e];gS�=OQP;gaR��UZ?]�VYgw�eRnP;g��UKNM
�-PSRUV��eV�PSg1P����eKNMXµ�PS�N�N~YMQZ �6Ms]�b/R : m�PSZUM�[�V�~Y~�OrP;TXM��IZUPST��eKNMXo¯´ ­ � J�];gah1JFP;� ü ]\�{h/Mrë�eM�O��eP;Z?RQq/]SRL[¯M�~�~4]SRn�IZUPSTÂ�IfNZU�UKNM�Z=onPwPSTXMQZ?]�gNcX]�gah m1]��dVYT�]�®aV�cSKw�eR :
JLKNM{TXPSR��=VYT��-P;ZU�e];gw�Lfa�-OQP;TXV�gac�c;ZeP;fNgah�`a]SR�Msh hNMr�UMsO��eP;Z?R�]�ZeM VYgw�UM�Z��IM�ZUPST�MQ�UM�ZeRLRUfaO?K

]SR=�eKNM2W�M�ZUx � T�];~�~ ­ ZeZ?]_x¥i#W � ­ p�`6];RUM�h�VYg�JFMQgNM�ZUV��IM;q�µ ­ �dÊ `6];RUM�h1]��§�eKNM�RUP;fN�UK1�-P;~YM;q



árj âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é
];gahÍkno Ê `a];RUM�h�VYgj�eKNM�TXPSfNgw�e]�VYgaR�P�� k¯KNVY~YM : JLKNM�RUM�];ZUM�];~�~nfNgahNMQZe[n]_x�]�gah¢]�~Y~¯Ka]_^SM
ZeMQ�-P;ZU�UMsh�ZeM�RUfN~��?R :
JF[¯P�VYTX�6PSZ��?]�gw�¯Re]\�eMQ~Y~�V��UM§T�VWReR�VYP;gaR¯]�ZeM��N~W]�gNgNMsh�P;Z¯V�g��NZUPSc;ZeM�ReR : · ­ � ­ « R¯m�VWOrZeP\[L]_^;M

­ gNVYRUP��eZUPS�dx�y�ZeP;`-M�iØm ­ y¯p�[L];R�~W]�fagaO?KNM�h�VYg ­ �NZUVY~�� �;�a9 ]�gahjKa];R��NZUP/h/f6OrM�hjV��?R�îaZ?R��ZeM�RUfN~��eR : JLKNML´ � ­ y�~Y];gaO?b�RU]��UM�~�~YV��eMLVYR�h/faM¯�eP�`6ML~W]�fNgaO?KaM�h�V�g�� �S�w�d: JLKNM�RUM¯[�VY~Y~NTXM�];RUfNZeM�eKNML[�KNP;~YMLT�VWOrZeP\[L]_^;M�RUbdx�[�V��eKXZUMsR�PS~�f/�eV�PSg�P;�-]��a�NZUP_�/VYT�]\�UM�~�x �a:�9_v h/M�c;ZeMQMsR : y�~Y];gaO?b�[�VY~�~
Ka]_^SM�cSZUMs]\�UM�Z��IZeM��wfNM�gaOrx�OQP\^;MQZ?]�cSM�]�g6h�RUKNP;fN~Wh�];~YRUP��aZUP\^dVWh/M¯f6R�MQ�IfN~/TXM�];RUfNZeMQTXMQgw�?R4P;�N�UKNM
�-P;~W]�ZeV�zs]\�eV�PSg :

9S9;:�±���þU`a¥Ud²$dA,þ�iFE�þN>4G��S�=�aþaG6@CA-E�g
JLKNM¤TXVYOQZUP\[L]_^;M�`a];O?bdc;ZeP;fagah�Ka];RX]�`N~W];O?bd`6P/h/xjRU�-M�O��eZUfaT�[�V��eKË]��UM�TX�6M�Ze]��UfNZeM¤P��

T0 = 2.728 ± 0.004
: JLKaM�k�³ o¯´ ²8Ê�¬ ­ � V�g6R��eZUfNTXM�gS��^SMQZeV�î6M�h��UKa]����UKaM�knm1oÌRU�-M�O�ë�eZUfNT	[L];R¯OrP;g6R�VWR��eMQgw��[�V��UK�]�`N~W];O?bd`6P/h/x�[�V��UKNVYg

50
�a]�ZU�eR��6M�Z¯TXVY~�~YV�PSg�VYg��UKNM§TXV�~Y~�VYTXMr�eMQZ

[L]_^;M�~�M�gNc��eKaR : µ§MQ^dVW]\�UVYP;g6R �IZUPST `N~W];O?bd`-PdhNx�OQ];g¥`-M��a];Ze];T�MQ�UM�ZUVYzQMsh�VYg�TX];gdx�h/V/.-M�ZUM�gS�
[L]_x/RQq��eKNM¤TXPSR���OQP;TXTXP;gË`6M�V�gac¥M�V��eKNMQZX�eKNM�k¯P;TX�/�eP;g

y− �6]�Z?]�TXMr�eMQZ�P;ZXV�gË�eMQZeTXRXP;�]�O?KNM�TXVYO�]�~=�-P��eMQgw�UVW]�~lq
µ.
JLKNM�T�P;�UVY^\]\�UVYP;gË�IPSZ��UKaM�RUM��a]�Z?]�TXMr�eMQZeV�zs]\�eV�PSgaRX[�V�~Y~�`-M1MQ�wë

�N~W]�VYgNMsh�RUKNP;ZU�U~Yx : JLKaM ²FÊ�¬ ­ � V�g6R��eZUfNTXM�gS���a~Y]SOrM�h�fN�N�-MQZ�~�VYTXV��?R{P;g¥�UKaM�RUM��6]�Z?]�TXMr�eMQZ?R]SR |y| < 1.5× 10−5 ]�g6h µ < 9× 10−5.JLKNM��IPSZUT��UK6]\���eKNM�RU�6MsO��UZ?]�~nh/VWR��eP;ZU�UVYP;gaR�];ZUM�~YVYb;MQ~Yx1�eP��e];b;M�h/M��6M�gah�PSg�[�KNMQgj];gah
KNP\[��UKaMQx}]�ZeM��NZePdhNfaOrMsh : y8PwRURUVY`N~�M�R�PSfNZeOQM�RXP;��h/VYR��UPSZ��eV�PSgaR�]���^;M�ZUxÍM�]�Ze~Yxj�UVYTXM�R�]�ZeM
VYgaOrPSgaRUM��wfNMQgw�eVY];~8`-Mr�IPSZUM�] ZeM�hNRUKNV��3��P��

zth ∼ 106 RUVYgaOrM��UKaM�fNgNVY^;MQZ?RUM�ZeMQT�];V�gaR�VYg¥�UKNM�Z�ëT�]�~8M��wfNVY~YV�`NZeVYfNT fNgw�UVY~F�eKNVWR��eV�TXM�^dVY]��IZUM�Mrël�IZUM�M�]�g6h�Ze]Sh/VW]\�UVY^;MXk¯P;TX�/�UPSg�ReOQ]\�U�UM�ZUVYgNcaqC];R
�eKNM�RUM��NZeP/OrMsRURUM�R¯OQ]�g�O?Ka]�gNcSM��UKaM§gdfNT�`6M�Z¯P;���NKNP��eP;gaR : ­ �3�eMQZn�UKNVWR¯MQ�-PdO?K4qwPSgN~Yx�PSZehNV�ga];ZUxk¯PST��N�UP;g¤ReOQ]\�U�UM�ZUVYgNc�VYRLVYTX�6PSZ��?]�gw��qa]���~�Ms];R��LfagS�eV�~F]�ZeM�haR�KNV��3�

zc ∼ 104.
� V�g6OrM��UKaVYR��aZUP;ë

OQM�ReR�OrP;g6R�M�ZU^SM�R*�NKNP;�UPSg�gdfNT�`6M�Z�q;�UKNM�`6];O?bdc;ZeP;fNg6h�ZeMQT�]�VYgaR*VYg�bdV�gNMQ�UVWO�qS`Nf/��gNP;���UKaMQZeTX];~Øq
Ms�SfaV�~YV�`aZUVYfNT : |}KNVY~YM�V�g�bdV�gNMQ�UVWO�Ms�wfNV�~YVY`NZUVYfNT¤q�VYg� �M�Or�UMsh�M�gNMQZec;x{O�]�g�hNVYR��UPSZ��8�UKNM�RU�6MsO��eZUfNT :
ü P\[¯M�^;MQZsqC�UKaM�R��-M�Or�UZefNT Ka]SR �UKNMX�IPSZUT�P��L]�o¯PwR�MQël´�V�gaR��UM�V�g�RU�6MsO��UZefNT¤q4�6]�Z?]�TXMr�eMQZeV�z�M�h
`dx�]XO?KNM�T�VWOQ];~,�6P;�UM�gS�eVY];~Øq

µ.JLKNM�M>.CM�O��¤P��{M�gNMQZec;xËV�g� �M�O��eM�h¦]\�3�UM�Z
zc
h/MQ�-MQg6hNR�PSg}V��?R �NZUP/h/f6O��UVYP;g}TXMsO?Ka]�gNVWRUT :

JLKNM�ZUM¤]�ZeM�]¥^\]�ZeVYMr��x�P�� �6PwRURUV�`a~�M¤R�PSfNZ?OrM�R�q�VYgaOr~Yfah/VYgNc¥�UKaM¤hNM�OQ]_x�P;�§T�];ReR�VY^;M��a]�ZU�UVWOr~YM�R
PSZ�RUfN�-MQZ?OrPSgah/faOr�UVYgNc�OrPSRUTXVYOXR��UZeV�gacSR�q4R��eMQ~Y~Y];Z{Ze]Sh/VW]\�UVYP;g4q4R�fa�6M�ZUgNP\^\];M�MQ�d�a~�PwR�VYP;gaR�q,`N~W];O?b
KNPS~�M§];OQOQZUMQ�UVYP;g�PSZ�MQ^\]��-P;Z?]\�eV�PSg�q;PSZ�`dx�h/faR�� : ­ gaP��UKaMQZnV�TX�-P;ZU�e]�gw��TXMsO?Ka]�gNVWRUTÌVWR�VYgd^;M�ZeRUMk¯PST��N�UP;g�ReOQ]����UM�ZUVYgNc �IZeP;T�KNP;���eMQZ��IZeMQM�M�~�MsO��UZeP;g6RQq�[�KaVYO?KXfN�aReOQ]����eMQZ?R��NKNP;�UP;g6R�]�gah�ZeM�h/VWR�ë
�eZUVY`Nf/�eM�RL�eKNMQT��IZeP;T�~YP\[nMQZL�IZeM��wfNMQg6OrVYM�RL�eP�KNVYc;KNM�Z=P;gNMsR : JLKNVWR=VWR�P;`aRUMQZe^;Msh��eP�P/OQOQfNZ��IP;Z
OQ~�faR��UM�ZeR=[�KNMQZeM{V��§VYR�bdgNP\[�g�]SRL�UKNM � fNgdxS];MQ^wë��CMQ~Wh/P\^dVYO?K�M>.CM�O��sqa`NfN��V�� ]�~WR�P�OQP;fN~Wh PdO�OrfNZ
V��*�UKNM�VYP;gaV�z�M�h V�gw�eMQZUëlcw]�~W];O��eVYO TXM�hNV�fNT�VWR=R�fN¨�OQV�M�gw�U~Yx�KNP;� : JLKNVWR=~YM�];haRL�UP�]�k¯PST��N�UP;gNëlx
h/VWR��UP;ZU�UVYP;g�P��8�UKNM�RU�-M�O��eZUfaT :

9 � :]³6@9�d@CHb�Q@,HIG^�e�F>�D¢@���þU`a¥Ud
JLKNM�ZUM�];ZUM�]¤gdfNT�`6M�Z�P;��R��e]��UVWR��eVYO�]�~nO?Ka]�~Y~�M�gNc;MsR�V�g�cSP;VYgNc¤�IZeP;T P;`aRUMQZe^\]\�UVYP;g6R�P��L�UKNM

knm1o¦�eP�fNgahNMQZ?R��?]�gah/VYgNc��eKNMQVYZ V�TX�N~YVYO�]\�eV�PSgaR=�IPSZ OQPSRUTXP;~YP;c;VWOQ];~,�a]�Z?]�TXMQ�UMQZ?R : ³§gNM�P;�3�UM�g
cSPwMsRX�UKaZUPSfNc;K}T�]�gdxË~Y]_xSMQZ?R�P���hN]��e]jOQP;TX�NZeM�ReR�VYP;g4Î1�IZeP;T��UKNM�Ze]_[��UVYTXM�R��UZeM�];T�];gah
�-P;VYgw�UVYgNc¥ha]\�e]aq��eP¥T�];�aR�]\��T�]�gdxjh/V/.-M�ZUM�gw���IZeM��wfNM�gaOrVYM�R�q��eP�ZUMsOrP;g6R��eZUfaOr�UVYgNc�]�RUV�gac;~YM
T�]���P����UKaM�fNg6h/MQZe~�xdVYgNc knm1o°];gNVWR�P;�UZeP;�NVYM�R�qN�eP�V��eR `NVYgNgNM�h1�6P\[nMQZ R��-M�Or�UZefNTí]�gah��UKNM�g
îag6]�~Y~�x¤�eP OQP;gaR��UZ?]�VYgw�eR P;g¥OrPSRUTXP;~YP;cSVYO�]�~4�6]�Z?]�TXMr�eMQZ?R : ´�]SO?K�R��UM��¥OQP;TX�NZeVYRUM�R�] h/V�¨�OQfN~��
R��e]��UVWR��eVYO�]�~,�NZeP;`N~YMQT :
ü M�ZUM Ê [�VY~�~4hNVYReOrfaReR�RUP;TXM�P��8�UKNM{cSMQgNM�Ze];~C�UPdP;~WRLZUMs�wfNV�ZeM�h��UP�]ShNh/ZeM�ReR¯�UKNMsR�M{�NZeP;`a~�M�TXR

];gah�T�];gwx�P��UKaMQZ��NZeP;`N~YMQT�RLVYg�PS`aRUMQZe^_]��UVYP;ga];~,OrPSRUTXP;~YP;cSx :



é,ã,æ6å
�{ã,é�æ��Cå1çaã����LèWç��LèWçaâaã������,å¤ä
�6ç����,âaã��CéCê á;s
9 � :Y9;: ! »NÈs¾#�ÍÇ\º�PØÄdÈu�-¿XÆFÇ����8»
�8¾MP¡¾I½?À�É JLKNM�ZefN~YM�R��IP;ZXT�]�gNVY�NfN~W]\�eV�gac��NZeP;`a];`NVY~�V��UVYM�R�]�ZeM
�wfNV��UMXR�VYTX�N~YM�]�g6h1VYgS�efNV��UVY^;M : JLKNM�îaZ?R��sq-�UKNMXR�P OQ];~�~YM�hjò?ø/ù ÷�ø 5 ô q-ZeM��wfNVYZeM�R��UKNMXR�faT P��
�eKNM{�NZeP;`a];`NV�~YV��UVYM�R¯�IP;ZL�eKNM{�6PwRURUVY`N~�M{R��e]��UM�RLP;�*]�^\]�ZeVW]�`N~YM�`6M{fNgaV���x : JLKa]\��VWRQq

∑

Xi

P (Xi|I) = 1,

[�KNM�ZUM��UKNM R�fNT�VWR�P\^SMQZ�];~�~¯�6PwRURUVY`N~�M R��?]\�eM�R�P;�
X.
ü MQZeM

P (Xi|I)
OQP;ZeZUMsR��-P;g6hNR �UP��UKNM

�NZeP;`6]�`NVY~�V���x��eKa]\�
X
VYg©�UKaM�R��e]\�eM

Xi
c;VY^;M�g}R�PST�M�`6];O?bdc;ZeP;fNg6h¢VYg/�IP;ZeT�]\�eV�PSg

I.
JLKNVYR

`a]SR�VWOQ];~�~Yx�Re]_xdR¯�eKa]\���eKNM{^\]�ZeVY];`N~�M T�f6R��=`-M{V�g¤PSgNM�P��*V��?RL�6PwRURUV�`a~�M{R��e]\�eM�R :
JLKNM R�MsOrP;g6h�ZUfa~�M�VYR�bdgNP\[�gj];R��UKNM�ó-÷ 3c6 øaõQö{÷�ø 5 ô>I¯[�KNVWO?K¢R��e]��UM�R��UKaM��NZeP;`6]�`NVY~�V���x¥P��

��[nP��UKNVYgNcwR�`-MQVYgNc��UZefNMSq
P (X,Y |I), VYR�c;VY^;M�gË`dxÍ�UKNM��NZUPS`a]�`aV�~YV���xÍP����UKaM1îaZ?R���`-MQVYgNc�eZUfNMSq

P (X |I), �UVYTXM�R��UKNM§�NZUPS`a]�`aV�~YV���x�P��,�eKNM§RUM�OQP;gahXVWR��eZUfaMal;ñCB_ô H öCn 8 ö�öbnNô®´�÷?ò?ö*ñWò öØ÷�øaô>I
P (Y |X, I). JLKa]��=VYR

P (X,Y |I) = P (X |I)P (Y |X, I)
= P (Y |I)P (X |Y, I),[�KNM�ZUM �eKNM�R�MsOrPSgah�ZeMQ~W]\�eV�PSg��IPS~�~YP\[=Rn�IZUPST�RUxwTXTXMr�eZUx :

|¥ZUV����eMQg�VYg{�eKNVYRF[L]_x;q��UKNMn�NZePdhNfaO��8ZUfN~YM�ga]��UfNZ?]�~Y~Yx§~YM�]ShNR�VYgw�UP�[�K6]\�FVWRFbwgaP\[�g�];R4oL]_xSM�R «
JLKNM�P;ZeMQT¤Î

P (X |Y, I) =
P (Y |X, I)P (X |I)

P (Y |I) .

{ R�fa];~�~Yx��UKaVYRXVWRX[�ZUV����eMQg©R�P��UK6]\�
X
ZeMQ�aZUMsR�M�gS�?R��eKNM¤�a]�Z?]�TXMQ�UMQZ?R�P��§RUP;TXM¤TXP/h/MQ~=];gah

Y
ZeMQ�NZeM�RUMQgw�eRXRUP;TXM�hN]\�?]¥P;ZXP;`aRUMQZe^\]\�eV�PSg :

P (X |I) VWR�OQ];~�~YM�h¢�UKNM óC÷�ñ 3 ÷¥h/VYR��UZeVY`Nf/�UVYP;g�IPSZ��eKNM��6]�Z?]�TXMr�eMQZ
X,
[�KaV�~YM

P (X |Y, I) VYR bdgNP\[�g�]SR�V��eR�ó 3 ò�öìôQ÷�ñ 3 ÷�h/VYR��UZeVY`Nf/�UVYP;g�<�JLKNM�NZeP;`6]�`NVY~�V���x¥P��=�eKNM�hN]\�?]1c;VY^;M�g¢RUP;TXM�TXP/h/M�~Øq
P (Y |X, I), VWR�bdgNP\[�gË];R�V��?R 5 ñ/:;ô 5 ñ/n 3c3c6 <² VYga]�~Y~�xX�eKNM�gNP;ZeT�]�~YV�z�V�gac��¡];Or�UPSZnVYg��UKNM{h/M�gNP;TXVYga]\�eP;ZsqS�eKNM��NZeP;`a];`NV�~YV���x�P;�8hN]��e]

P (Y |I),VWR�RUP;TXMQ�UVYT�MsR�O�]�~Y~�Msh��UKaM�ô=B�ñ 6 ô H õ?ô�<ÍJLKNVWR�VWR��IP;fNgah¢`dx¥T�];ZUcSV�ga];~�VYzQVYgNc��eKNM gwfaT�M�Ze]��UPSZ
P\^SMQZ¯�UKNM{��µ �-PSReR�VY`N~YM��UKNM�P;ZeV�MsRQq

P (Y |I) =
∑

Xi

P (Y |Xi, I)P (Xi|I).
|¥M�P;�3�UM�g�h/Ms]�~8[�V��eK�OrPSgw�UVYgwfaP;faR§^\]�ZeVY];`N~�MsRQq-[�KNM�ZUM��UKNMsR�M��NZUPS`a]�`aV�~YV��eV�MsR§];ZUM�[�ZUV����eMQg�V�g/ë
R��UMs];h¤VYg��UM�ZUT�R=P;��]��NZeP;`a];`NVY~�V���x hNVYR��UZeV�`af/�UVYP;g��IfagaO��eV�PSg�qCM : c : �UKaM��NZeP;`6]�`NVY~�V���x��eKa]\�§�UKNM
^\]�ZeVW]�`N~YM�VWR�VYg¤R�PST�M§Ze];gNc;M OQ];g�`6M�[�ZeV��U�UM�g�];R

P ([X,X + dX ]|I) = P (X |I)dX. Ê g��eKNVYRO�];RUM;qdT�]�Zec;VYga]�~YV�zs]\�eV�PSgaRn~�VYb;M �UKaM{P;gNM{]�`-P\^;M�OQ];g�`-M{[�ZeV��U�UMQg�]SR

P (Y, I) =

∫
dXP (Y |X, I)P (X |I).

9 � : � : ! »SÀ6ÄdÈs¾¡»N¼XO�ÈSÉ�«4Ç_Ä*!,º8Äd¼C½�¾¡È�½�»/Æ8ÆFÇ��-»
�_ÃFÄdÈSÉ JLKaMQZeMX];ZUM���[nP `6];RUVYOX]��a�NZUPw];O?KNMsR
�eP�V�gw�eMQZe�NZUMQ�UVYgNc{�eKNM��NZeP;`6]�`NVY~�V���x�hNVYR��UZeV�`af/�UVYP;gaR :*Ê g��UKaM§oL]_x;MsR�VW]�gX]��N�aZUPw];O?K�qS�NZUPS`a]�`aV�~YV���x
h/VWR��UZeV�`NfN�UVYP;g��IfNg6O��UVYP;g6R�ZeMQ�NZeM�RUMQgw��]�h/MQcSZUM�M�P��=`-MQ~YV�MQ�=P;Z��N~Y];faRUV�`NVY~YV���x : oL]_x;MsR��UKNM�P;ZeMQT
�eKNMQg1cSV�^SM�R=]�TXM�O?Ka];gNVYRUT�P���~�Ms]�ZegNVYgNcaq6P;Z�TXP/h/V��IxdV�gNc�x;PSfNZ=`-MQ~YV�MQ�¡R§`6];RUM�h¤P;g�gaMQ[�hN]��e] :
JLKNMX�IZeM��wfNM�gw�UVWR���];�N�NZePS];O?K¥VYTX];c;VYgNM�R{�UKa]��{�UKNM�PS`aRUMQZe^_]��UVYP;gaR{];ZUMXZ?]�gahNP;T�hNZe]_[=R �IZeP;T
RUP;TXM�MQg6R�M�T�`N~YM�P����-PSReR�VY`N~YM�P;`6R�M�ZU^\]\�eV�PSgaR : y�ZUPS`a]�`NVY~YV���x�P��=]�P;`6R�M�ZU^\]\�eV�PSg�VYR��UKNM�g��UKNM
~YP;gNc��UVYTXM{�IZeM��wfNMQg6Orx��eKa]\��V��=VYR�PS`aRUMQZe^;M�h�[�V��eK¤ZUM��6Ms]\�UMsh��eZUVW]�~WR :
² ZeM��wfNM�gw�UVWR��?R§P;�3�UM�g�OrZeV��UVWOrVYzQM��eKNM�oL]_x;M�RUVW]�g¤V�gw�eMQZe�NZUMQ�e]��UVYP;g�];gah1�NZeVYP;Z?R�];R§�ePwP�^\]�c;faM

];gah RUfN`� �MsO��UVY^;MSq§];gah}�eKNMQx©�eMQgah¸�UPÍ�IPdOQfaR¤�NZeV�T�];ZUVY~�x©PSg}�UKNM�~YV�bSMQ~YV�KaPwP/h : oL]_xSM�RUVY];gaR
OQP;fNgw�UM�Z��UK6]\�=�IZeM��wfNM�gS�eVYR��eR§]�ZeM{faRUV�gNc��aZUVYP;Z?R�VYT��a~�VWOrV��U~Yx;q-M : c : ]�®6]����NZeV�PSZ�qa];gah �UKaMQx¤]�ZeM
 �faR��=T�]�bdVYgNc��UKNM�V�Z=]SRURUfNTX�/�UVYP;g6RLMr�/�N~YVYOQV�� :



árx âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é
Ê g1M=.-MsO���q,oL]_x;MsR�VW]�g6R=]�gah �IZeM��wfNM�gw�UVWR��?R§];ZUM�]SR�bdVYgNc�h/V/.-M�ZUM�gw� �wfNM�R��UVYP;g6R : ­ oL]_x;MsR�VW]�g]SR�b/R�q�ª KNP\[�~�VYb;M�~�x§VYRF]�c;VY^;M�g �6]�Z?]�TXMr�eMQZ�^\]�~YfNM�cSV�^SMQg �UKaM�hN]\�?]9� « qs[�KaV�~YM�]L�IZeM��wfNM�gS�eVYR��F]SR�b/R�q

ª KNP\[¶�NZeP;`6]�`N~YM�VWR��UKNM�hN]��e]aq�c;VY^;M�gÍOrM�Z��?]�VYg¢�a];Ze];TXMr�UM�ZeR¬� «�Ê gËOQMQZU�e];V�gËOrVYZeOQfNT�R��?]�gaOQM�R�q
�eKNM�RUM�]��N�NZePS]SO?KNM�R�cSV�^SM��eKNM1Re]�TXM¤ZUMsR�fN~��eR�qn�a]�ZU�UVWOrfN~W]�Ze~Yx�V�� �UKNM1ha]\�e]�]���Ka]�gahËVWR�^;M�ZUx
VYg/�IP;ZeT�]\�eV�^SM :
9 � : �N:A)�Ç_¾M�aÇ\ÈSÉ � VYgaOQM��UKaM�`NVYc;cSM�R���h/V/.-M�ZUM�gaOrM�`6MQ��[¯M�MQg��eKNM�];�N�NZePS];O?KaM�R�VWR��eKNMQVYZ��eZUMs]\��ë
TXMQgw� P����NZeV�PSZeR�qaV��§VWR�f6R�MQ�IfN~4�eP�h/VWRUOQfaReR��UKaM�RUM�KNM�ZUM : ³§gNM « R=�aZUVYP;Z?R=]�ZeM�TXM�];gw�=�UP�ZUMQ®aM�Or�
];~�~n�NZeMQ^dV�PSfaR�VYg/�IPSZUT�]\�eV�PSg�q�Mr�NOQ~�fahNV�gNc��UKNM¤hN]��e]�]���Ka];gah :�Ê gj�NKdx/RUVYO�]�~LR�V��Ufa]��UVYP;gaR�q�[nM
cSMQgNM�Ze];~�~Yx�Ka]_^;MX]��UKNM�P;ZeMr�eVYO�]�~*Mr�/�-M�O��?]\�eV�PSg¥PSZ{R�PST�MXP;�UKNM�Z{[¯Ms]�b;M�Z ha]\�e] [�KNVWO?K�R�KaP;fN~Wh
h/MQ�UM�ZUTXVYgNM �UKNM�RUKa]��-M�P��*P;gNMsRL�NZeV�PSZeR :
Ê gX�UKaM�]�`aRUMQg6OrMLP���RUfaO?KXP;`aRUMQZe^\]\�UVYP;g6R8];gah��UKNM�P;ZeMr�eVYO�]�~NMQ�d�-M�Or�e]��UVYP;gaR�q;PSgNM�VYR��IP;Z?OrM�h��eP

T�]�bSM�RUP;TXM�O?KNPSVYOQM=P����NZeVYP;Zsq;c;M�gNMQZ?]�~Y~Yx�`a]SR�MshXP;g��eKNM§RUxdTXT�MQ�UZexXP��C�UKNM �NZeP;`N~YMQT : ³��3�UM�g
�eKNMQZeM{]�ZeM�RUP;TXM�OrPSgaR��eZe];V�gw�?RL[�KNVYO?K��UKaM{�NZUPS`a]�`aV�~YV���x�hNVYR��UZeV�`af/�UVYP;g¤T�f6R��=PS`6M�x :
Ê g/�IPSZUT�]\�eV�PSg¥�UKNM�P;Zex�R�fac;c;MsR��?R{]¤[n]_x1�UP�O?KNPdPwR�M�]¤�NZeV�PSZ{`a];RUM�h�P;g��eKNM��NZeV�g6OrVY�N~�M�P��

m1]��/V�T�fNT ´�gw�UZeP;�dx : ³§gNMXO?KNPdPSRUM�R ]��aZUVYP;Z [�KNVWO?K�T�]\�/VYT�VYzQMsR§�UKNM�MQgw�UZeP;�dx¤P����UKNM�h/VWR�ë
�eZUVY`Nf/�eV�PSg�q/[�KNMQZeM �UKNM{M�gw�UZeP;�dx�VWR�h/MrîagaM�h¤];R

S = −
∫
dxp(x) log

(
p(x)

m(x)

)
,

[�KNM�ZUM
m(x)

VWRL�eKNM{TXM�];RUfNZeM :
­ gdfNT�`-MQZ�P;�8�-PSReRUV�`N~YM{h/VWR��eZUVY`Nf/�eV�PSg��IfagaO��eV�PSgaR�T�]_x�`6M�O?KaPSRUMQg�Î
• P (X) ∝ constant ë��eKNM�®6]��=�NZUVYP;Z
• P (X) ∝ 1/X

ë��UKNMKJSM>.CZUVYM�RL�aZUVYP;Z
• P (X) ∝ e−(X−X)2/2σ2 ë��eKNM�ï�]�f6RURUVY];g��NZeVYP;Z
• P (N) = µN

N ! e
−µ ël�UKaM y*PSVYReR�PSg��aZUVYP;Zn�IP;Z=hNVYReOrZeMr�eM ^\];ZUVW]�`N~YM�R

JLKNM¯®6]��*�aZUVYP;Z8VYR*f6R�fa];~�~Yx{faRUM�h��IP;Z*~�P/O�]\�UVYP;g��a]�Z?]�TXMQ�UMQZ?R�qs[�KaMQZeM¯[nMLKa]_^;M¯gNP§VYg/�IPSZUT�]\�eV�PSg
�eP��NZUMQ�IMQZ�PSgNM1^\]�~YfNM�P\^SMQZ�]�gaP��UKaMQZ : JLKNM�JSM>.CZeV�MsR��NZeV�PSZ�VYR�`a];RUVYO�]�~Y~�xÍfNgNV��IP;ZeTûVYg©�UKNM
~YP;cw]�ZeV��eKNT�P����eKNM¤�a]�Z?]�TXMQ�UMQZX]�g6h¢VWR�faR�Mshj�IPSZ�RUO�]�~YM��a];Ze];TXMr�UM�ZeR�q�[�KNM�ZUM [nM�Ka]_^SM�gaP
VYg/�IP;ZeT�]\�eV�PSg�];R¯�UP��UKaM§P\^SMQZ¯];~�~,ReOQ];~�M P����eKNM �a]�Z?]�TXMr�eMQZ : onP;�UK��eKNM ®6]\��]�g6h��UKaMaJSM>.CZUVYM�R
�NZeVYP;Z?R�]�ZeM=VYT��aZUPS�6M�Z�qd];R��UKNM�x�h/V�^SMQZec;M=[�KaMQg�VYgw�UMQcSZe]��UMshXP\^;MQZ��UKNM�V�Zn�6PwRURUVY`N~�M§Ze];gNc;MsR : ­ R]�ZeM�RUfN~��sqNP;gaM{gNMQMshNRL�UP�h/MQîagNM�fa�N�6M�Z�]�g6h�~YP\[nMQZL`6PSfNgahNR��IP;Z��eKNM�RUM�h/VWR��eZUVY`Nf/�eV�PSgaR�[�KNVWO?K
ZeM��wfNVYZUMsRLR�PST�M��NKdx/RUVYO�]�~CV�ga�Nf/� :
JLKNM�ï�]�f6RURUVY];g�];gah�y*P;VWReR�PSgNVY];g��NZeV�PSZeRn]�ZeM �NZUPS�6M�Z�]�gah�V�gw�UM�c;Z?]�`N~YM;qd`NfN�n�eKNMQx�ZUMs�SfaV�ZeM

MQ�w�eZe]�V�ga�Nf/� : ´�V��eKNMQZ=]�^_];ZUVW]�g6OrM
σ2 VYg��eKNM{OQ];RUM�P;�F]Xï�]�faReR�VW]�g�h/VYR��UZeVY`Nf/�UVYP;g4q/P;ZL]�TXM�];gP/OQOQfN�a]��UVYP;g

µ = 〈N〉 VYg��UKNM�y8PSVYReRUP;g1OQ]SR�M : JLKNM�®6]����NZeV�PSZ=T�]_x�`-M��?]�bSMQg�];R=�UKNM�~�VYTXV��P;�4]�ï�]�f6RURUVY];g�qw[�V��eK��UKaM�^\]�ZeVY];gaOrM�c;P;VYgNc��UP�VYg/îagaV���x : JLKaM�ï�];faRURUVW]�g�VWR¯];~YRUP��eKNM�~YV�TXV���P��
]�y*P;VWRURUP;gaVY];g�];R

µ
c;MQ�eRL^SMQZex�~Y];ZUcSM :

9 � : _ : $ »NºFÈsÈs¾¡»N¼¶-F¾ØÈQ½�Ç_¾#�8ºF½�¾M�6¼8ÈSÉ=Ê g¸R��efah/xdVYgNc�~�VYb;M�~�VYKNPdP/hÍ�IfNgaO��eV�PSgaR�q�V���VWR�f6R�MQ�IfN~=�eP
fNg6h/MQZ?R��?]�gah¥�eKNM�T�fN~��UVY^_];ZUVW]\�eM�ï�]�f6RURUVY];g�h/VYR��UZeVY`Nf/�UVYP;g4q*RUVYgaOrM�P;`aRUMQZe^\]\�UVYP;g6]�~�MQZeZeP;Z?R{]�ZeM
P;�3�UMQg��e];b;MQg1�UP `6M�ï�]�faReRUVY];g :�Ê g¥]ShNh/V��UVYP;g�qCgNPSg/ë ï�];faReR�VW]�g�hNVYR��UZeV�`af/�UVYP;gaR OQ];g�P;�3�UMQg�`6M
];�N�NZeP_�dVYT�]\�eM�h�gaM�]�Zn�eKNMQVYZ=�-M�]�b/RL`dx�]�ï�]�f6RURUVY];g ];�N�NZeP_�/V�T�]\�eV�PSg :
JLKNM�TXPwR���cSMQgNM�Ze];~�T�fN~��UVY^\]�ZeVY]��UM�ï�];faRURUVW]�g�h/VWR��eZUVY`Nf/�eV�PSg��IP;Z�]

n
h/VYTXMQgaRUV�PSga]�~¯hN]\�?]

^SM�O��eP;Z
D
T�]_x�`-M{[�ZUV����eMQg¤];R

P (D|X, I) = (2π)−
n
2 | det C̃|− 1

2 exp

[
−1

2
(D−D)T C̃−1(D−D)

]
.
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D
VWR��eKNM=TXM�];g�^_];~�faM=P��C�UKaM�^;MsO��eP;Z 〈D〉, [�KNVY~�M C̃ VYR�V��?R¯OQP\^_];ZUVW]�g6OrMLT�]\�UZeV��Cq Cij =

〈(Di − Di)(Dj − Dj)〉.
JLKaM�`NZ?];O?bSMr�eR{hNMQgNP;�UM�T�]�Zec;VYga];~�VYz�]��UVYP;g¥P\^;MQZ��UKNM��NZUPS`a]�`aV�~YV���x

�IfNg6O��UVYP;g4q�V : M : 〈F (D)〉 ≡
∫
dnDF (D)P (D|X, I). Ê g¥c;M�gNMQZ?]�~lqCMQV��UKNM�Z��UKNMXTXM�];g�^\]�~YfNMP;�4�UKaM�hN]\�?]�PSZ�V��?R=OrP\^\];ZUVW]�gaOQM�T�]\�eZUV���T�]_x�`-M�]��IfNgaO��eV�PSg¤P��8�UKNM �UKaMQP;Zex :

´�^SMQgjV��L�UKNM hN]\�?]1]�ZeM�ï�]�faReRUVY];gjh/VYR��UZeVY`Nf/�UMsh,q8�UKNM�V�TX�N~YVYM�h��a];Ze];TXMr�UM�Z�h/VWR��eZUVY`Nf/�eV�PSg
[�VY~�~-gNP;�¯`-M�fNgN~YM�ReR��UKNM �NZeM�h/VWO��eV�PSgaR�];ZUM=~YVYgNM�];Z�VYg��UKaM=�UKaMQP;Zex��a]�Z?]�TXMr�eMQZ?R :8ü P\[nMQ^SMQZsq��IP;Z
�eKNM{TXP;TXMQgw��~�MQ�eR=]SRURUfNTXM§�UKa]����UKNM��eKNMQPSZUx��6]�Z?]�TXMr�eMQZ?Rn];ZUM{ï�]�f6RURUVY];g hNVYR��UZeV�`af/�UMsh,Î

P (X|D, I) = (2π)−
m
2 | det T̃ |− 1

2 exp

[
−1

2
(X−X)T T̃−1(X−X)

]
.

JLKNVWR��NZeP;`6]�`NVY~�V���xj�-M�];bdR��IP;Z��eKNM1�a];Ze];T�MQ�UM�ZeR
X,
[�KNVWO?K}VYRX�eKNM1T�]\�/VYT�fNTú~�VYb;M�~�VYKNPdP/h

^\]�~YfNM :
JLKNM1fagaOrM�Z��?]�VYgS��x¢V�g¸]��a];Ze];TXMr�UM�Z�h/MQ�-MQg6hNR�PSgË[�KaMr�UKaMQZ�PSgNM1OrPSgaR�VWh/M�ZeR��eKNM1P��eKNMQZ

�a];Ze];TXMr�UM�ZeR*]SR*îN�/M�hXPSZ�V��,P;gaM�O?KNPdPSRUM�R8�eP{TX];ZUcSV�g6]�~YV�z�MnP\^SMQZ*�eKNMQT :*Ê �,[¯M�KNPS~Yh��eKNM=P��eKNMQZ
�a];Ze];TXMr�UM�ZeR¯îN�/Msh,q/�UKaMQg¤�UKaM{^_];ZUVW]�g6OrM�P���]X�a]�Z?]�TXMQ�UMQZ

Xi
VWR�c;VY^;M�g�`dx

σ2
i = 1/(T−1)ii.³§g��UKNM�P��eKNMQZ�Ka];gah,q,V��¯P;gaM�h/MsOrVWh/M�R§�UP T�]�Zec;VYga]�~YVYzQM�P\^SMQZ��UKNMXP��eKNMQZ��a];Ze];TXMr�UM�ZeR�q6�UKNM�g

�eKNM�^\]�ZeVW]�gaOQM�c;ZeP\[=R�h/faM��eP��UKaM OQP\^_];ZUVW]�g6OrM=`-Mr��[nMQM�g��UKNM�hN]��e]��-P;VYgw�eR :*Ê g��UKaM�ï�];faRURUVW]�g
O�];RUM;q-�UKNVWR�T�]�Zec;VYga]�~YVYz�]\�eV�PSg�VYR��-MQZU�IP;ZeTXM�h�R�VYTX�N~�x�`dx�OQP;TX�N~YMr�eV�gNc��UKaMXRe�wfa]�ZeM;qCxdVYMQ~Wh/V�gac
σ2

i = Tii.
JLKNM�RUM�]�ZeMXZUM�~Y]��UMsh�`dx

(T−1)ii = 1/(Tii − T̃ij(T̃jk)−1T̃ki),
[�KNMQZeM

j, k
ZUfag

P\^SMQZL]�~Y~,V�gahNVYOQM�R�`-M�RUVYhNM�R
i.
JLKNM{MQZeZeP;Z?R¯O�]�g P;gN~Yx�VYgaOrZeM�]SR�M [�KNMQg �eKNM�TX];ZUcSV�g6]�~YV�zs]\�UVYP;g�VYR

�-MQZU�IP;ZeTXM�h :

9 � :�v/: � �6¼�R $ »Nº8ÈsÈ�¾Ø»N¼·-8¾¡È�½QÇ\¾b�*ºF½�¾#�-¼8È;É=Ê g¢c;MQgaMQZ?]�~lq4�eKNM��-PSR��UM�ZUVYP;Z�h/VYR��UZeVY`Nf/�UVYP;g6R�[�VY~�~
~YV�bSMQ~Yx1`-M�gNP;g/ë�ï�]�f6RURUVY];g :XÊ g¥�UKNVWR�OQ]SR�MSq�V���T�]_x1`6M�hNV�¨�Orfa~���`-P��eK¥�UP¤îagah��eKNM��6Ms]�b�P��
�eKNM=~YV�bSMQ~YV�KNPdP/h�]�g6hX�UP�T�];ZUcSV�ga];~�VYzQML�eP{îagah�V�gahNV�^dVWh/fa]�~-h/VWR��eZUVY`Nf/�eV�PSgaR : JLKNMsR�M�P;�-MQZ?]\�UVYP;g6R
faRUfa];~�~Yx�T�faR���`-M=�-MQZU�IP;ZeTXM�h�gdfNTXMQZeVYO�]�~Y~�xSq;MQV��UKaMQZ�h/VYZeM�O��e~�x�P;Z�`dx�m�P;gw�UM§kn];ZU~YP�TXMr�UKaPdhaR :
³§gNM��6PS�NfN~W]�Z§m1P;gw�UM�kn];ZU~YP�TXMr�eKNP/h,q-O�]�~Y~�Msh �UKNM�m1]�Zeb;P\^¤k¯Ka]�VYg1TXMr�eKNP/h,q-Re]�TX�N~YM�R=�UKNM
~YV�bSMQ~YV�KaPwP/h�RUfNZU�¡];OrM�^wVW]1]�Z?]�g6h/P;T [n];~�b : µ§MQ�-MQgahNV�gNc�P;g��eKNM�RUKa];�6M�P;���UKNM�~�VYb;M�~�VYKNPdP/h
RUfNZU�¡];OrMSq\R�faO?K�TXMr�UKaPdhaR8O�]�g�RU]_^SM¯OrPSgaRUVYh/M�Ze];`N~YM¯OrPSTX�Nf/�e]��UVYP;ga];~;�eV�TXM�OrPSTX�a]�ZeM�h��eP hNV�ZeM�Or�
VYgw�UMQcSZe]��UVYP;g :
Ê �nO�]�g�R��UVY~Y~a`-M§faRUMr�Ifa~a�eP�T�]�b;M§]�ï�]�faReRUVY];g�]��N�NZeP_�/V�T�]��UVYP;g��UP{�eKNM�~YVYb;MQ~YVYKNPdPdh�RUfNZU�¡];OQM

`dx�MQ�d�6]�gah/VYgNc��UKaM{~�PSc�P;�F�eKNM{~�VYb;M�~�VYKNPdP/h�VYg�]XJF]_xd~YP;Z�R�M�ZUVYM�R�q

lnL(X + δX) = lnL(X) +
∑

i

∂ lnL(X)

∂Xi
δXi +

1

2

∑

ij

∂2 lnL(X)

∂Xi∂Xj
δXiδXj + · · ·

k¯f/�U�UVYgNc�P�.Ë]\���UKNMX�eKNVYZeh��UM�ZUT�~�Ms];hNR �eP1]�ï�]�faReR�VW]�g�]��a�NZUP_�/VYT�]\�UVYP;g : JLKNMXî6ZeR��{�UM�ZUT
VWR�M>.CM�Or�UVY^;M�~�x − 1

2χ
2 �IP;Z��eKNM{TXP/h/MQ~ :¯Ê ��[nM{MQ^\]�~Yfa]��UM�]�`-P;fN�=�UKNM{�-M�];b�P;�F�eKNM�~YV�bSMQ~YV�KaPwP/h,q

�eKNMQg��UKNMn~�VYgNMs]�Z8�UM�ZUT�R8]�ZeM�zQM�ZUP :F² VYga]�~Y~�xSq −∂2 ln L(X)
∂Xi∂Xj

VYR*RUP;TXMr�eV�TXM�R8OQ];~�~YM�h��UKNMLOrfaZU^\]\�efNZeM
T�]\�eZUV�� �IP;Z=�eKNM��6]�Z?]�TXMr�eMQZ?R�P;Z��UKNM ü M�ReRUVY];g :�² ~Y]��§h/VYZUMsO��eV�PSgaR=P;���UKNM�OrfNZe^\]\�UfaZUM�T�]��UZeV��
OQP;ZeZUMsR��-P;gah��UP��a];Ze];T�MQ�UM�ZLhNMQc;M�gNMQZ?];OQV�MsR :
² V�g6]�~Y~�xSqS~YMr��f6R�h/MQîagNM=�eKNM ² VWR�KNM�Z�T�]\�eZUV���[�KaVYO?K�VWR�faRUMr�Ifa~a�IPSZ�T�]�bdV�gac��NZeM�h/VWO��eV�PSgaR*�IP;Z

[�Ka]�� ]��NZeP;�-PSRUM�h¤Mr�/�-MQZeV�TXM�gS��[�VY~�~8�UM�~�~*faR�];`6PSf/�§�eKNM�fNgah/M�ZU~YxdV�gNc��UKNM�P;Zex : JLKNM ² VYRUKNMQZ
T�]\�eZUV���VWR�R�VYTX�N~Yx��UKaM{Mr�/�6MsO��?]\�UVYP;g P��F�UKNM�OQfNZe^_]��UfNZeM�T�]\�UZeV��Cq

Fij(X) = −
〈
∂2 lnL(X)

∂Xi∂Xj

〉
,



�;� âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é
[�KNM�ZUM*�eKNM�MQ�/�6MsO��e]��UVYP;g�h/M�gNP��eM�RF]�g�]_^;M�Ze];c;VYgNcLP\^;M�Z�hN]\�?]=OrPSgaR�VWR��UMQgw�4[�V��UK�]�c;VY^;M�g TXP/h/M�~ :
JLKdfaR�q��eKNM ² VYRUKNMQZ�TX]��UZeV���VYR�h/MrîagaM�h��IP;Z�]��6]�ZU�UVWOrfN~W]�Z*�eKNMQPSZUx�]�gah�VWR�V�g6h/MQ�-MQgahNMQgw��P��,]�gdx
]SO��Uf6]�~�hN]��e] :
JLKNM ² VYRUKNMQZ¤T�]\�eZUV��}VYR faRUMr�Ifa~ `-M�O�]�faRUM¥V���]�~Y~�P\[=R�faR��UPË�N~W];OrM�]j~YP\[nMQZ `6PSfNgah¸PSg

�eKNM�h/MQZeV�^SM�hÍ�a]�Z?]�TXMQ�UMQZXM�ZUZeP;Z?R�ZeM�RUfN~��UVYgNc¥�IZUPSTû]�gËMr�/�-MQZeV�TXM�gS� :}Ê gÍ�6]�ZU�UVWOrfN~W]�Zsq�V���];~�~
�eKNM��a]�Z?]�TXMQ�UMQZ?R ]�ZeM�îa�dMsh¥`Nf/��P;gaM;q��eKNMQg�V��eR{M�ZUZeP;Z VWR{`6PSfNgah/Msh¥`wx

σ2
i ≥ 1/Fii.

Ê �L[nM
T�]�Zec;VYga];~�VYzQM¯P\^;MQZ8�eKNM�P��eKNMQZ*�a];Ze];T�MQ�UM�ZeR�q

σ2
i ≥ (F−1)ii.

JLKNM�RUML`6PSfNgahNR�];ZUMn�UKaMLRe]�TXM�];R
[�Ka]���[¯M��IP;fNgah�Ms]�Ze~�VYMQZC�IPSZ,�UKaM¯ï�]�faReRUVY];g�O�];RUM;qs[�KNMQZeM*�UKaM�`6PSfNgah�VWR4Re]\�efNZe]��UMsh :�ü P\[nMQ^SMQZsq
V���T�faR���`6M{ZeM�];~�VYzQMsh��UK6]\�L�UKNM ² VWR�KNM�Z�T�]\�UZeV���]��N�NZePS]SO?K�P;ga~�x�cSV�^SM�Rn~YP\[¯M�Z¯`-P;fNg6hNR :�¬ M�]�~
MQ�d�-MQZeVYT�M�gw�eRFT�faR��8h/Ms]�~w[�V��eK��-PSReR�VY`N~YM¯RUx/R��eMQT�]\�eVYO�MQZeZUPSZeR�qsRUP��eKNM¯ZeM�RUfN~��UVYgNc�M�ZUZeP;Z4`6PSfNgahNR
[�VY~�~,Z?]�ZeMQ~Yx�];O?KaV�M�^;M �UKNM��NZeM�hNVYOr�UVYP;gaRLP;�F�eKNM ² VYRUKNMQZ�T�]��UZeV���];�N�NZePS]SO?K :
9 � : uN: 
 �-Å�Æ*»/Ç\¾¡¼8Á ÅU��-FÄ*P¡ÈSÉ |}KNVY~�M��UKaM��-M�]�b�P;�=�UKNM ~YV�bSMQ~YV�KNPdP/h��NZeP\^dVYhNM�R�]�T�MsO?Ka]\ë
gNVWRUT¶�UP�O?KaPwPwR�M�`-Mr��[nMQM�g¤hNVm.CMQZeMQgw�=TXP/h/MQ~WR�[�V��UK¤�UKaM�RU];T�M{�6]�Z?]�TXMr�eMQZeV�zs]\�UVYP;g4qwV��=VWR=gNP;�
]Sh/M��wfa]��UM��IP;Z�O?KNPdPwR�VYgNc `6MQ��[¯M�MQg�TXPdhNMQ~WR{[�KNVWO?K¥K6]_^;MXh/Vm.CMQZeMQgw��^\]�ZeVW]�`N~YM�R�PSZ{MQ^;M�g¥hNV��3ë
�IM�ZUM�gS��gwfaT�`-MQZ?R�P���^\]�ZeVW]�`N~YM�R :1² PSZ��UKaVYR�q*P;gNM�f6R�fa];~�~Yx¥~�PdP;b/R�]\���eKNM�Z?]\�eV�P1P;���6PwR��eMQZeV�PSZ
�NZeP;`6]�`NVY~�V��UVYM�R :�� fN�N�-PSRUM�x;P;f Ka]_^SM���[nP�Kdxd�-P��UKaM�RUM�R�q ­ ];gah o§q/Ms];O?K�[�V��eK��eKNMQVYZ�P\[�g�RUMr�P;�4�a]�Z?]�TXMQ�UMQZ?R�i

λA
]�gah

λB
p�];gah�xSP;f�[�VWR�K��UPXh/VWRUOQP\^;MQZ¯[�KNVWO?K�VWR¯TXPwR���OrPSgaR�VWR��UMQgw�n[�V��eK

�eKNM{�NZeV�PSZeRL]�g6h�PS`aR�M�ZU^\]��UVYP;gaR : k¯PSgaRUVYh/M�ZL�UKNM{Z?]\�eV�P

RAB =
P (A|D, I)
P (B|D, I) =

P (A|I)
P (B|I) ×

P (D|A, I)
P (D|B, I) .|}KNM�g

RAB
VWRnT�faO?K�~Y];ZUcSMQZ��eKa]�g�P;gNMSqdKwxd�-P��eKNM�RUVYR ­ VYR��¡]_^;PSZUMsh,qS[�KaV�~YM§Kdxd�-P��UKaM�RUVYRno©VYR�NZeMr�IM�ZUZeM�h V��
RAB

VWR§RUT�]�~Y~ :§Ê ���UKNM�Ze]��UVYP�VWR=P���PSZehNMQZ 9 qa�eKNMQg�P;gNM�OQ]�gagNP�� TX];b;M�]�Or~YM�];Z
�NZeMr�IM�ZUM�gaOrM : JLKaM{îaZ?R��=�eMQZeT�PSg¤�UKNM�ZUVYc;Kw�=ZeMQ�NZeM�RUMQgw�eR��UKNM�Z?]\�eV�P�P;��P;gNMsR=�NZeV�PSZ=`-MQ~YV�MQ�¡R=VYg
�eKNM ��[¯P�Kdxw�-P��eKNM�RUM�R�q/[�KNVY~�M �eKNM{R�MsOrP;g6h�ZeMQ�NZeM�RUMQgw�eR¯�eKNM�Ze]��UVYP�P;�4�UKaM M�^dVYh/M�gaOrMsRn�IP;ZLM�]SO?K
P;�6�eKNM=Kdxd�6P;�UKNMsR�MsR :*¬ M�O�]�~Y~N�eKa]\�

P (D|A, I) VWR��UKaM=~�VYb;M�~�VYKNPdP/h�P��C�UKNM§hN]\�?]Nq;T�];ZUcSV�ga];~�VYzQMshP\^SMQZ¯�UKNM{�-PSReR�VY`N~YM�^_];~�faM�R�P;�4�UKaM{�a]�Z?]�TXMr�eMQZ?R
λA.Ê ��VWR{KNM�~��/�Ifa~��UP�R�M�MX�UKNVWR{VYgj];O��eV�PSg�P;g�]¤^;M�ZUx�RUVYT��a~�M�MQ�/];TX�N~�M : ­ RURUfNTXM��UK6]\��x;PSfTXM�]SR�faZUM{RUP;TXM�hN]��e]�]�g6h îagah

D = D ± σ. ¸ PSf�[�VYRUK �UP�OQP;TX�a];ZUM ��[nP�Kdxw�-P��eKNM�RUM�R�Î ­[�KNVWO?K1�NZeM�hNVYOr�eR��UKa]��
D = 0,

]�g6h1o�[�KNVYO?K��NZUMsh/VWO��eR��UK6]\�
D = λ,

[�KNMQZeM
λmin > λ >

λmax.
ü xw�-P��eKNM�RUVWR ­ Ka];RLgaP��6]�Z?]�TXMr�eMQZ?RQq/RUP��eKNM{MQ^dVWh/MQg6OrM�VYR�R�VYTX�N~�x

P (D|A, I) = (2π)−
1

2 σ−1e−D
2
/2σ2

,[�KNVY~YM{�UKNM�MQ^dVYhNMQgaOQM{�IP;Z§Kwxd�-P��eKNM�RUVYR�o ZeM��wfNVYZUMsR=]�g�VYgw�UM�c;Z?]\�UVYP;g¤P\^SMQZ��-PSReR�VY`N~YM�^\]�~YfNM�R�P��
λ :

P (D|B, I) =

∫ λmax

λmin

dλP (λ|B, I)(2π)−
1

2σ−1e−(λ−D)2/2σ2

.

�4Mr��f6R�]SRURUfNTXM��UK6]\� �UKNM��NZUVYP;Z��IP;Z
λ
VYR�®6]\� P\^;M�Z��UKNM¥Z?]�gNcSM;q=RUP��UKa]��

P (λ|B.I) =
(λmax − λmin)−1.

² fNZ��eKNMQZsq�V���[¯M�];ReRUfNTXM��eKa]\�X�eKNM�P;`aRUMQZe^\]\�eV�PSg¢VWRX[¯M�~�~�[�V��UKNVYgË�UKNM
];~�~YP\[¯Msh Ze];gNc;M�];gah �UKa]��

σ � λmax − λmin,
�UKaMQg1[nM�O�]�g1h/P��eKNM�VYgw�UM�c;Z?]\�UVYP;g¤MQ�/]SO��e~�x

�eP�î6gah
P (D|B, I) = P (λ = D|B, I) = (λmax − λmin)−1.JLKdfaR�[nM îagah

RAB =
P (A|I)
P (B|I) ×

λmax − λmin

(2π)
1

2 σ
× e−D

2
/2σ2

.

­ cS]�VYg�q¯�UKNM¤î6ZeR����¡];Or�UP;Z�VWRX�eKNM1Z?]\�UVYP�P�� �UKNM��aZUVYP;Z?RQq¯[�KNVY~�M��eKNM�Mr�/�-P;gNM�gw�UVW]�~L�¡];Or�UPSZ�VYRM=.-MsO��UVY^;M�~�x��UKNM�Ze]��UVYP�P;�*�UKNM�`-M�R��=îN�§~�VYb;M�~�VYKNPdP/h��IPSZ ü xd�-P��eKNM�RUVYR ­ �UPX�eKa]\�=�IPSZ��UKaM�`6MsR��îN��TXP/h/MQ~�P�� ü xd�6P;�UKNMsR�VWR�oíi¡V : M :
λ = D.)

JLKNM1RUM�OQP;gahj�¡];O��eP;Z�VWR�R�PSTXMr�UVYTXM�R�O�]�~Y~�Msh
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³ O�OQ]�T « R{�¡]SO��UPSZ�q�[�KaVYO?KjM=.-MsO��eV�^SMQ~Yx¥�-MQg6]�~YV�z�M�R ü xd�6P;�UKNMsR�VWR�o	`6MsOQ]�f6R�M�V��XKa];R�]1~W]�Zec;M�Z
�a];Ze];TXMr�UM�Z¯RU�a];OQM : ï V�^SMQg���[¯P�T�P/h/M�~YRn[�KNVWO?K�îa�¯�eKNM ha]\�e]�M��wfa];~�~YxX[¯M�~�~lqw�UKNVWR¯�¡];Or�UP;Zn[�VY~�~
�eMQ~Y~6faR��UP��NZeMr�IM�Z��UKaM RUV�TX�N~YMQZnTXP/h/MQ~lqw�UKNM§P;gNM§[�V��eK�]�RUT�]�~Y~�M�Z��a];Ze];TXMr�UM�Z�RU�a];OQM :*Ê g��UKaVYR
O�];RUM;qwV��F�UKNM V�gaV��eVY];~-�6]�Z?]�TXMr�eMQZLR��a]SOrM��IP;Z ü xd�6P;�UKNMsR�VWRLo©VYRLRUT�]�~Y~8i

λmax − λmin ∼ 20σ),�eKNMQg ü xd�6P;�UKNMsR�VWR ­ VWR��NZeMr�IM�ZUZeM�hjP;gN~Yx�V�� D < 2σ.
ü P\[nMQ^SMQZsq4�eKNVYRXOQf/�UPN.©OQP;fN~Wh�c;ZeP\[

RUV�cSgNV�î6OQ];gS�e~�x�V��8�UKNM�o �a]�Z?]�TXMr�eMQZ�RU�a];OQM [nMQZeM V�gaOQZUMs];RUM�h�Mr�/�6PSgNMQgw�eVY];~�~Yx :
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'9�d@,HIB4>��XB�$ ³Q�Nþ6G6H���'�%LE�>FGa@,HIBF>��
� Æ8Ã8ÄwÇ_¾M�;»
PLÃ8»/Ç\ÅU�-¼F¾M��Ç\Ä*P¡»/½s¾#�-¼FÈ Î
• µ�MQîagNV��UVYP;g

Ylm(θ, φ) =

(
2l+ 1

4π

(l −m)!

(l +m)!

)1/2

Pm
l (cos θ)eimφ

• ³§Z��eKNP;cSP;ga];~�V���x�ë
∫
Y`m(n)Y ∗

`′m′(n)dΩn = δ``′δmm′

• k¯P;TX�N~YMr�eMQgNMsRURnë
∑

`m

Y`m(n)Y ∗

`m(n′) = δ(φ − φ′)δ(cos θ − cos θ′)

• y�~W]�gNM{[L]_^;M Mr�/�a];gaR�VYP;g�ë

eik·r = 4π
∑

`m

i`j`(kr)Y`m(k̂)Y ∗

`m(r̂) =
∑

`

(2`+ 1)i`j`(kr)P`(cos θ),

[�KNMQZeM
j`(x)

]�ZeM �UKNM�RU�NKNM�ZUVWOQ];~ConMsRURUMQ~C�IfNg6O��UVYP;g6R :
= ÄwÁ-Äd¼�-FÇ\Ä¤Ç\Ä"PØ»/½�¾M�6¼8È iIgaP��UM

Pl(x) = P 0
l (x)

prÎ
• ��M�c;MQg6h/ZUM�Ms�Sf6]\�UVYP;g

(1− x2)
d2

dx2
Pm

l (x) − 2x
d

dx
Pm

l (x) +

[
l(l+ 1)− m2

1− x2

]
Pm

l (x) = 0



�eá âaã,äNå/âwæ�çNâ-èWæaæ6å/é-ê,å/é

• ³§Z��eKNP;cSP;ga];~�V���x
∫ 1

−1

Pm
l (x)Pm

l′ (x)dx =
2

2l + 1

(l +m)!

(l −m)!
δll′

• ¬ P/h/ZeV�cSfNM�R « �IP;ZeT�fN~W]

Pm
l (x) =

(−1)m

2ll!
(x2 − 1)m/2 d

l+m

dxl+m
(x2 − 1)l

• µ�M�ZUVY^\]\�eV�^SM ZeMQ~W]\�eV�PSg

(1− x2)
d

dx
Pm

l (x) = (l −m+ 1)Pm
l (x) − (l + 1)xPm

l (x)

• ¬ M�OQfNZeZUM�gaOrM�ZeMQ~W]\�UVYP;g
(2l + 1)xPm

l (x) = (l −m+ 1)Pm
l+1(x) + (l +m)Pm

l−1(x)

• ¬ MQ~W]\�eV�PSg��eP�R��aKNMQZeVYO�]�~CKa];ZUTXP;gaVYO�R
(2l+ 1)Pl(k̂ · r̂) = 4π

∑

m

Ylm(k̂)Y ∗

lm(r̂)

! ÄdÈ�ÈsÄ*P�Ç\Ä*P¡»/½s¾#�-¼FÈ iIf6R�MQ�IfN~��IPSZ��_ë h�ZeMQ~W]\�eV�PSgaReprÎ
• onM�ReR�M�~,M��wfa]\�eV�PSg

d2

dx2
Jm(x) +

1

x

d

dx
Jm(x) +

(
1− m2

x2

)
Jm(x) = 0

• ³§Z��eKNP;cSP;ga];~�V���x ∫
kdkJm(kρ)Jm(kρ′) =

1

ρ
δ(ρ− ρ′)

• y�~W]�gNM{[L]_^;M Mr�/�a];gaR�VYP;g
eikρ cos φ =

∑

m

imeimφJm(kρ)

• Ê gw�UMQcSZe];~CZUM��NZUMsR�M�gw�e]\�eV�PSg

Jm(x) =
1

2πim

∫ 2π

0

dφeix cos φ−imφ

• µ�M�ZUVY^\]\�eV�^SM ZeMQ~W]\�eV�PSg
d

dx
Jm(x) =

1

2
[Jm−1(x)− Jm+1(x)]

• ¬ M�OQfNZeZUM�gaOrM�ZeMQ~W]\�UVYP;g

Jm+1(x) =
2m

x
Jm(x)− Jm−1(x)

• � �NKNM�ZUVWOQ];~�onM�ReR�M�~C�IfNgaO��eV�PSgaR

jm(x) ≡
( π

2x

)1/2

Jm+ 1

2

(x)
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